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1 Introduction 



f— ( ! Let Qi{Xi, . . . , Xn) and Q2{Xi, . . . , X^) be a pair of quadratic forms defined 

^ I over Q, or more generally over a number field A;. This paper will be concerned 

r^ ' with the existence of non-trivial simultaneous zeros of the two forms, over 

j^ ' Q or A; as appropriate. In particular one may hope for a local-to-global 

principle. Indeed one may also ask whether the global points are dense in 

the adelic points. When n > 9 this problem was given a very satisfactory 

treatment in the work of Colliot-Thelene, Sansuc and Swinnerton-Dyer |6] 

^ ■ and [7]. It follows from [6, Theorem A(i)(a), page 40] that the forms have 

Q>^ ' a non-trivial common zero providing that they have a nonsingular common 

OC . zero in every completion of k, and from [6l Theorem A(ii), page 40] that 

• ! the weak approximation principle holds if the intersection Qi = Q2 = 

Q I is nonsingular. Moreover they proved [6, Theorem C, page 38] that when 

cn I n > 9 there is automatically a non-trivial common zero if the field k is 

totally imaginary. 

Colliot-Thelene, Sansuc and Swinnerton-Dyer [71 Section 15] give a num- 
/\^ '. ber of examples showing that such results would be false for forms in suffi- 

j^ I ciently few variables. In particular the example 

Q^ = X1X2 - {Xl - 5X1), Q2 = (Xi + X2)(Xi + 2X2) - (X^ - 5X^,) 

due to Birch and Swinnerton-Dyer [3], gives a smooth intersection violating 
the Hasse principle, while the example 

Qi = X1X2 - (X| + Xl), Q2 = (4X2 - 3Xi)(4Xi - X2) - (X| + Xl) 

due to Colliot-Thelene and Sansuc [5], gives a smooth intersection for which 
weak approximation fails. Colliot-Thelene, Sansuc and Swinnerton-Dyer con- 
jecture [71 Section 16] that the Hasse principle should hold for nonsingular 



intersections as soon as n > 6. The goal of the present paper is the corre- 
sponding result for forms in 8 variables. 

Theorem 1 Let Qi{Xi, . . . , Xg) and Q2{Xi, . . . , Xg) be two quadratic forms 
over a number field k such that the projective variety 

V: Q,{X} = Q2{X} = 

is nonsingular. Then the Hasse principle and weak approximation hold for 
V. 

For pairs of diagonal forms this was shown by CoUiot-Thelene, in un- 
published work. The proof used the corresponding special case of Theorem 
2, which he established using the argument ascribed to him in the proof of 
Lemma 17.21 

Perhaps it is as well to explain precisely what we mean by the variety 
Qi{Xi, . . . , Xn) = Q2{Xi, . . . , Xn) = being nonsingular over a general field 
K. By this it is meant that the matrix 



dQi 


dQi 


dxr ■ 


■ ■ dx„ 


dQ2 


dQ2 


dxi 


dx„ 



has rank 2 for every non-zero vector x E K . It follows automatically from 
this that if n > 4 then the projective variety Qi = Q2 = is absolutely 
irreducible (see Lemma 13. 2p and is not a cone. 

The papers by CoUiot-Thelene, Sansuc and Swinnerton-Dyer suggest a 
line of attack for the 8 variable case (see [71 Remark 10.5.3]). The main 
obstacle to this plan, which they failed to handle, was a purely local prob- 
lem concerning the forms Qi and Q2- This we now resolve in the following 
theorem. 

Theorem 2 Let k^ be the completion of a number field k at a finite place 
V. Let Fy be the residue field of k^ and assume that #F„ > 32. Suppose 
that Qi{Xi, . . . , Xs) and Q2{Xi, . . . , Xg) are quadratic forms over k^ such 
that the projective variety Qi{X) = Q2{X) = is nonsingular, and assume 
further that the forms have a non-trivial common zero over k^. Then there 
is a form Q in the pencil aiQi + a2Q2 (with ai, 02 G k^) containing (at least) 
3 hyperbolic planes. 



We will deduce Theorem [T] from Theorem [21 but our argument differs 
somewhat from that sketched by Colliot-Thelene, Sansuc and Swinnerton- 
Dyer. 

While Theorem 2 can be appropriately extended to singular intersections, 
it is unclear whether one can prove a corresponding global statement. Thus 
the methods of the present paper seem insufficient to handle a version of 
Theorem [T] for singular intersection of two quadrics in P^. 

The next section will describe some basic facts and terminology from the 
theory of quadratic forms, but we should stress at the outset that much of 
our analysis involves the reduction of integral forms from ky down to Fy. 
It follows that if x{Fy) = 2 we are forced to consider quadratic forms in 
characteristic 2, which may be less familiar to some readers than the case of 
odd (or infinite) characteristic. 

Throughout the paper we will write ky for the completion of a number 
field k. When f is a non-archimedean valuation we will write Oy for the 
valuation ring of ky, and Fy for the residue field. We will tend to use upper 
case Q and L (and other letters) for quadratic and linear forms over k or ky, 
and similarly lower case q and i (and other letters) for forms over the finite 
field Fy. 

2 Quadratic Forms 

In this section we recall some basic facts about the theory of quadratic forms. 
In the case of characteristic 2 the reader may wish to treat some of our 
statements as exercises. 

For any field K we will think of a quadratic form q{Xi, . . . , X„) over K 
as a polynomial of the shape 

g(Xi,...,X„)= J2 ^i3X^X,. (2.1) 

l<i<j<n 

It is usual to represent quadratic forms using coefficients qij for every pair 
hj < ^, subject to the symmetry constraint q^j = qji. However this is inap- 
propriate in characteristic 2 and we therefore depart from this convention. 

We define rank(g) to be the least integer m such that there is a linear 
transformation M G GL„(i^) for which g(MX) is a function of Xi, . . . ,Xm 
alone. If K is contained in a larger field K' then the rank over K' will be the 
same as the rank over K. Moreover rank(g) < n ii and only if g(X) = has 



a singular zero over K, that is to say a zero x 7^ for which Vg(x) = 0. This 
is exactly the case in which the projective variety Q : g = is singular, or 
equivalently, is a cone. Indeed the set of vertices for Q (as a cone in projective 
space) is a linear space V of codimension rank(g). If P is a nonsingular point 
on Q with tangent hyperplane 7{, then V C H, and one sees that all points 
of < P, V > are vertices for Q fl H as a cone. The linear space < P, V > has 
codimension rank(g) — 2 in H. Thus if we project Q fl H to P"~^, so as to 
produce a quadric hypersurface, the corresponding quadratic form will have 
rank at most rank(g) — 2 (and in fact equal to rank(g) — 2). This produces 
the following result 

Lemma 2.1 Let q{Xi, . . . ,X„) he a quadratic form of rank r, and suppose 
Xm = is tangent to q = at a nonsingular point. Then q{Xi, . . . , X„_i, 0) 
has rank r — 2. 

For a quadratic form in the shape (12. ip we may define an n x n matrix 
M(g) with 

2%-, ^=J, (2.2) 

Qji, J < i- 

When x{K) = 2 this will have diagonal entries equal to zero. We note 
that Vg(X) = M(g)X. Moreover if T e Ghn{K) and qriX) = q{TX) then 
M^qx) = T^M{q)T, where T* denotes the transpose of T. 
We also define the determinant det(g) as 

det(g) := det(M(g)), 

so that det(gr) = det(T)^ det(g). Our definition, which is designed to help in 
the case of characteristic 2, differs by powers of 2 from that which the reader 
may have expected. It should be observed that det(g) will vanish identically 
if x{K) = 2 and n is odd. In this case one may use the "half-determinant" 
of q which we denote det/2{q)- Although one can define this in complete 
generality (see Leep and Schueller [TU]) we shall need it only for the case in 
which K is the residue field F^ of a completion fc^ for some number field k, 
with respect to a non-archimedean valuation v. Then, if ^(X) G Pt,[X] is the 
reduction of some form Q(X.) G Oi,[X], one can verify that |det(Q) G Oy. 

We then define 

det/2(g) = idet(g). 



(where 9 denotes the reduction to F^ oi 9 E O^). One may verify that this 
is indeed independent of the choice of the hft Q of q, and that det/2(gT) = 
det(T)^det/2(5'). A quadratic form is nonsingular if and only if its determi- 
nant (or in the case in which n is odd and xi^) = 2, its half-determinant) 
is non-zero. 

If the form q has rank at most r the corresponding matrix M{q) will 
also have rank at most r. When r < n it follows that all (r + 1) x (r + 1) 
submatrices of M(g) are singular. In the case in which x{^) = 2 and r is 
even we can say slightly more. Suppose that go is a quadratic form in r + 1 
variables obtained by setting to zero n — r — 1 of the variables in q. Then go 
will be singular and det/2(go) = 0. Thus not only do all the (r + 1) x (r + 1) 
minors vanish, but also the "central" (r + 1) x (r + 1) half-determinants. 

We shall express these conditions in general by saying somewhat loosely 
that all the (r + 1) x (r -|- 1) minors of g vanish. Here one should bear in 
mind that if r is even and xi^) = 2 then this refers to the half-determinant 
in the case of "central" minors. 

Conversely, the vanishing of all the (r + 1) x (r + 1) minors of g implies that 
rank(g) < r. To prove this it is enough to verify that if the (r + 1) x (r + 1) 
minors of g all vanish then so do those of g^ for any elementary matrix T. 
These facts are enough to show that 

rank(g(Xi, . . . ,X„) + X^+iX^+a) = rank(g(Xi, . . . ,X„)) + 2. (2.3) 

If g(x) = has a nonsingular zero over K there is a linear transformation 
T G GLn{K) for which g(TX) takes the form X1X2 + q'{Xs, . . . ,X„). We 
then say that g "splits off a hyperbolic plane" . If g splits off m hyperbolic 
planes then the form q' will split off m — 1 hyperbolic planes. 

When K is finite, as is often the case of interest to us, the Chevalley- 
Warning theorem implies that g has a nonsingular zero over K as long as 
rank(g) > 3. It follows that there is a matrix T such that 



g(TX) = X1X2 + . . . + X2,_iX2, + cX 



2 

2s+l 



for some c 7^ 0, if g has odd rank equal to 2s + 1, or such that q{TX.) takes 
one of the shapes 

g(TX) = XiX2 + ... + X2,-iX2. 

or 



g(TX) = X1X2 + . . . + X2,_3X2,_2 + n(X2,_i, X., 



2s 



if rank(g) = 2s is even. Here n{X, Y) is an anisotropic form. We note that, 
when K is finite, if n{X, Y) and n'{X, Y) are two anisotropic forms there will 
be a linear transform in GL2{K) taking n to n'. Moreover there is a linear 
transform in GLi{K) taking n(Xi,X2) + n'{X3,Xi) to X1X2 + X3X4. We 
shall be somewhat lax in our notation for anisotropic forms, writing n{X, Y) 
for a generic form of this type, not necessarily the same at each occurrence. 
Moreover we shall sometimes use the notation N{X, Y) for a binary form 
over Oy whose reduction to F^ is anisotropic. 

The following result will be useful in recognizing when a form over O^ 
splits off hyperbolic planes. 

Lemma 2.2 Let n be a uniformizing element for k^ and suppose that the 
quadratic form Q{Xi . . . , X„) G C^[X] satisfies 



QyX) = X1X2 + . . . + X2s_lX2s + Q{X2s+l, • • • , Xn) 
2s 

+7i'^XiLi{Xi,. . . ,Xn) (mod- 



;7r 



for some quadratic form Q over Oy. Then there exists T G GLn{Oy) such 
that 

Q(TX) = X1X2 + . . . + X2s_iX2s + Qo{X2s+l, • • • , Xn) 

with Qq = Q [mod 71'^). 

In particular, if Q splits off at least s hyperbolic planes over F^, then so 
does Q over ky. Indeed if Q has rank at least 7 then Q splits off at least 3 
hyperbolic planes. 

Unfortunately if Qi and Q2 are forms in 8 variables with coefficients in (9„ 
it is possible that every linear combination aQi + bQ2 has rank at most 6, 
even if the variety Qi = Q2 = is nonsingular over fc^. This is where the 
difficulty in proving Theorem |2] lies. 

We may establish Lemma 12.21 by adapting the argument for Hensel's 
Lemma. We show inductively that for every positive integer h there is a 
Th G GL„(C„) and linear forms L] (Xi, . . . , X„) over C„ such that 



QyTh^) = X1X2 + . . . + X2s-_lX2s + Qh{X2s+l, • • • , Xn) 
2s 

WyX,Lf\x,,...,Xn) (modTr'^+i) 
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with Qh = Q (mod tt^). Once this is estabhshed one may choose a convergent 
subsequence from the T^ and the lemma will follow. 

To prove the claim we observe that the case /i = 1 is immediate. Generally 
if Uh € GhniOy) corresponds to the substitution 



X2.-1 ^ X2.-i + 7r^4J^(Xi,. 


■ ■ ,-^n), 


{l<i<s) 


X2i ^ X2. + 7r'^4i-i(^i,-- 


• -.Xn)-, 


{l<i<s) 


Xi -^ X„ {2s<i<n), 






then it suffices to take Th+i = UhTh- 







There is one further result which will be useful in finding forms which 
split off three hyperbolic planes. 

Lemma 2.3 Let Q{Xi, . . . ,X^) he a quadratic form over k,^ whose determi- 
nant is not a square in ky. Then Q contains at least three hyperbolic planes. 

The form Q must be nonsingular. However any nonsingular form in 8 
variables over k^ will split off two hyperbolic planes, leaving a form in 4 
variables, so that Q = X1X2 + X3X4 + ^'(Xs, . . . ,X8). Then det(Q') = 
det(Q) is a non-square, which implies that Q' is isotropic, and hence splits 
off a further hyperbolic plane. 

In view of Lemma 12. 3[ it would suffice for the proof of Theorem [2] to find 
any form aQi + bQ2 whose determinant is not a square. Unfortunately it is 
possible that all forms in the pencil have square determinant, as the example 

Qi = Xl - Xl + Xl - 4X4 + Xl - 7X1 + X^ - 10X| 

Q2 = -^1-^2 + X^X^ + XsXg + XyXg 

over Q3 shows. These forms have a common zero at (2, 1, 0, 0, 2, —1, 0, 0), as 
in the hypotheses of Theorem [2l 

As we have remarked, our proof of Theorem [2] will involve the reductions 
Q of quadratic forms Q, defined over O^. The argument will require a great 
many invertible linear transformations of variables. In this context we will 
use the fact that any element of GL„(F^) can be lifted to GL„(C^). Thus 
whenever we refer to a "change of variables" or a "substitution" among the 
variables of such a form over F^, we mean that one applies an appropriate 
element of GL„((9„) which reduces to the relevant mapping over F^. 



Since we will use a succession of changes of variables it will become cum- 
bersome to use different notation for all the different forms that arise. We will 
therefore abuse notation by saying for example that the change of variables 
Xi ^ Xi + X2 transforms g(Xi, X2) = Xf into g(Xi, X2) = Xj + 2X1X2XI, 
rather than producing q'{Xi, X2) = Xf + 2X1X2XI, say. Thus we may have 
a number of forms, all denoted by "g", which are not actually the same. We 
trust that this will not cause confusion. 



3 Pairs of Quadratic Forms 

Given two quadratic forms qi{Xi, . . . , X„), q2{Xi, . . . , X„) defined over a field 
K we may consider the pencil V =< qi, q2 >=< qi, q2 >k, which is the set 
of all linear combinations aqi + bq2 with a,b & K, not both zero. We will 
also consider V* =< qi,q2 >~k-, where K is the algebraic closure of K. There 
are three notions of rank that we attach to such a pencil. We define R{V) as 
the least integer m such that there is a linear transformation T G GL„(i^) 
for which q{TX) is a function of Xi, . . . , Xm alone, for every q E V*. Thus 
m is the least integer such that there are variables Xi, . . . , Xm which suffice 
to represent every form in the pencil. We define a second number r{V) as 
maxrank(g), where q runs over all forms in V*. The third notion of rank 
which we shall use is r„^i^{V) defined similarly as minrank(g), where q runs 
over all forms in V*. 

For a pencil V generated by gi and ^2 we will write R{qi,qi) = R(V), 
r{qi,qi) = r{V) and r^^,^{qi,qi) = r„un('P). Clearly one has 

TminiV) < r{V) < R{V) 

in every case. We remark that if rank(tgi + ^2) < ''" for every value of t then 
the (r + 1) X (r + 1) minors of tgi + g2 all vanish identically as polynomials in t, 
whence the minors of aqi + hq2 also vanish identically, yielding r(gi, ^2) < ''"• 

As an example of these notions of rank one may consider the forms 
qi{Xi, X2, X-i) = X1X2 and g2(Xi,X2,X3) = X1X3, which generate a pencil 
V with r^iniV) = r{V) = 2 and R{V) = 3. 

When the variety gi = g2 = is nonsingular we can describe these ranks 
precisely. 

Lemma 3.1 Suppose that Qi{Xi, . . . , X„) and Q2{Xi, . . . , X„) are quadratic 
forms over a field K of characteristic not equal to 2. Define the binary form 

F{x, y) = F{x, y; Qi, Q2) = det {xM{Q^) + yM{Q2)) (3.1) 

8 



of degree n. Then if the variety Qi = Q2 = is nonsingular the form F 
does not vanish identically, and has distinct linear factors over the algebraic 
completion K . Moreover r{Qi, Q2) = n and r^^^^lQi, Q2) = n — 1. 

This follows from Heath-Brown and Pierce [SJ Proposition 2.1], for example. 



We now give a general condition for an intersection of quadrics to be 
absolutely irreducible of codimension 2. 

Lemma 3.2 LetQi{Xi, . . . ,X„) and Q2{Xi, . . . ,X„) be two quadratic forms 
over an algebraically closed field K, such that 

rmm{Qi,Q2) > 3 and r{Qi,Q2) > 5. 

Then the projective variety 

V : Qi = Q2 = 

is absolutely irreducible of codimension 2. Moreover if n > A and V is non- 
singular then it is absolutely irreducible of codimension 2. 

If V fails to be absolutely irreducible of codimension 2 then it must contain 
either a quadric of codimension 2, or a linear space of codimension 2. Suppose 
firstly that V contains a quadric of codimension 2, given by the simultaneous 
vanishing of (5(X) and i^(X) say. Then we may write Qi = CiQ + LMi for 
suitable constants q and linear forms Mj. We now set a^ = Cj for i = 1,2, 
unless Ci = C2 = 0, in which case we take ai = 1 and 02 = 0. Then 
o-iQi — 0'2Q2 is a multiple of L and hence has rank at most 2, contradicting 
our hypotheses. Now consider the second case, in which V contains a linear 
space of codimension 2, given by the simultaneous vanishing of i^i(X) and 
L2(X) say. Then Qi and Q2 must take the shape Qi = LiMn + L2MJ2 for 
i = 1 and 2, where Mij are suitable linear forms. Hence every quadratic 
in the pencil < Qi,Q2 > will have rank at most 4. This contradicts our 
hypothesis that r{Qi,Q2) > 5. 

Finally, if V is nonsingular and n > 4 we know from Lemma 13.11 that 
TmmiQi, Q2) = ri — 1 > 3, SO that V cannot contain a quadric of codimension 
2. Moreover if V contained the linear space Li = L2 = 0, so that we can 
write Qi = LiMn + L2MJ2 for i = 1 and 2, there would be singular points 
wherever 

Li = L2 = MnM22 - M12M21 = 0. 



This contradiction completes the proof of Lemma 13.21 

It will be important for us to understand the structure of pencils for which 
r{V) < R{V). In this context we have the following result. 

Lemma 3.3 Suppose that V is a pencil of quadratic forms in n variables 
over a field F, and assume that ^F > n. Write r{V) = r and R{V) = R 
and suppose that r < R. Assume further either that xi^) ¥" 2, or that r 
is even and F is the residue field of the completion of a number field under 
a non-archimedean valuation. Then we can choose a basis for V such that 
rank(gi) = r. For any such basis qi,q2 there is an invertible change of 
variables over F so that 

q,{X,,...,X^) = q[iX,,...,Xr) 

and 

q2{Xi, . . . , Xn) = q2{^l, • • • ; -^i?-l) + XrXu 

for certain quadratic forms q'l, q'2 defined over F. 

If gi and ^2 generate V and r{qi,q2) = r, the r x r minors of a linear 
combination gi + xq2 cannot all vanish identically in x. Since at least one of 
these minors is a non-zero polynomial of degree at most r in x there can be 
at most r values of x for which rank(gi + xq2) < r. Thus if jj^F > n > R> r 
there will be a linear combination q'l = qi + xq2 defined over F with rank r. 
Thus it will be possible to choose a basis q[, q2 for V in which rank(g^) = r. 

Now, assuming that rank(gi) = r, we make an appropriate change of 
variables so that only Xi, . . . , Xr appear in the forms in V* . After a further 
change of variables we can then write gi = q'i{Xi, . . . , Xr) and 

R 

q2 = qsiX,, ...,Xr)+J2 X^^^iXl^ • • • , X,) + q,{Xr+u ...,Xji) (3.2) 

i=r+l 

say, with appropriate linear forms £«. With the notation (12. 2p the matrix for 
gi + xq2 then takes the form 



M{q[ + xqs) 

xe 
10 



x^ 

(3.3) 
xM{qi) ' 



Since gi + xq2 has rank at most r for every value of x we deduce that all the 
(r + 1) X (r + 1) minors vanish identically in x (with the obvious interpretation 
for the central minors when r is even and x{P) = 2). Suppose now that q^ 
contains a term cXiXj with r < i < j < R, so that c = {qAJij. If z 7^ j, 
or if x(-D) 7^ 2, we consider the minor formed from rows 1 to r and i, and 
columns 1 to r and j. This will be a polynomial in x, in which the coefficient 
of X is cdet(g^). Since the polynomial vanishes identically we deduce that 
cdet(g^) = 0. Similarly ii i = j and x{F) = 2 (so that r is even) the half- 
determinant corresponding to the r + 1 variables Xi, . . . ,Xr and Xi must 
vanish. However this half determinant is a polynomial in x with linear term 
cdet{q[)x, and again we deduce that cdet(g^) = 0. However since gi has 
rank r, and we have avoided the case in which x{^) = 2 and r is odd, we 
will have det(g^) 7^ 0, so that c = 0. We therefore deduce that all coefficients 
of g4 vanish. 

We see now that (13. 2 p simplifies to 

R 

q2 = q3{Xi,...,Xr)+ J2 XMXi,...,Xr). 



If all the forms ir+i, ■ ■ ■ ,iR were identically zero we would have R(V) < r, 
contrary to our assumption. We therefore suppose that in, say, is not identi- 
cally zero. Without loss of generality we may assume that iji involves X^ with 
non-zero coefficient. Indeed, after a change of variable among Xi, . . . , X^ we 
can then assume that £ij(Xi, . . . ,Xr) = X^. It then follows that gi and g2 
are of the shape given in Lemma 13.31 

For the rest of the present section, the pairs of forms gi, g2 will be defined 
over a field F^, which will be the residue field of the completion k^ of a 
number field k„ with respect to a non-archimedean valuation. Some of the 
results we prove will in fact be valid in a more general setting, but this will 
suffice for our needs. 

We now examine the remaining case, in which x{Fv) = 2 and r is odd. By 
extending the argument above we will prove the following structure result. 

Lemma 3.4 Let F^ and V he as in Lemma \3.3\ except that xi^v) = 2 and 
that r is odd. Then there is a basis < gi, g2 > for V in which rank(gi) = r. 
For any such basis there is an invertible change of variables over F^ such 
that 

qi{Xi, . . . ,Xn) = qi{Xi, . . . ,Xr) 
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and q2 is in one of the shapes 

g2(Xi, ...,Xn) = q^iXi, . . . , Xn_,) + XrXn, (3.4) 

or 

q^iX,, . . . ,X„) = q',{X,, ...,Xr)+ X^^,, (3.5) 

or 

g2(Xi, . . . , X„) = g^(Xi, ...,Xr)+ Xl^, + X^X^+i. (3.6) 

When r < R — 2 we can always take q2 to be of the shape 1^3. 4\)- 



We start the proof by choosing generators gi and q2 for V as before, and 
expressing g2 in the shape (13.21) . As before the (r + 1) x (r + 1) minors 
of (13.31) must all vanish identically in x. We begin by considering an "off- 
diagonal" term, cXiXj say, in q4{Xr+i, . . . ,Xr). Thus we will assume that 
r + 1 < i < j < R. Choose any sets Iq, Jq C {1, . . . , r} of cardinality r — 1 and 
let / = Jo n {i, j} and J = Jq fl {«, j}. If Jq 7^ Jq then the /, J minor of (13.31) is 
a determinant which is a polynomial in x, which must vanish identically. The 
coefficient of x^ will be — c^ times the /q, Jq rninor of q[, so that this product 
must vanish. Similarly if /q = Jo the /, / minor of (13. 3p is a half-determinant 
which is again a polynomial in x. The coefficient of x^ will similarly be — c^ 
times the Jq, Iq minor of q[, which must also vanish. If all the (r — 1) x (r — 1) 
minors of q[ were to vanish we would have rank(g^) < r — 2, contrary to 
hypothesis. We therefore conclude that c = 0. Thus ^4 will be a diagonal 
form. Since Fy is a finite field of characteristic 2 there is therefore a change 
of variable reducing ^4 to the shape cX^_,_^. Now, if c = 0, or if any of the 
forms ir+2, ■ ■ ■ ,^R is not identically zero, we can proceed as in the proof of 
Lemma 13. 3[ so as to put ^2 into the form (13. 4p . Moreover if ir+2, . . . , ^k all 
vanish identically we see that we must have R = r + 1. 

Thus it remains to consider the case in which R = r + 1 and 

g2(Xi, . . . , X„) = g^(Xi, . . . , Xr) + cXl + Xnl{X^, . . . , X,) 

with c 7^ 0. Since every element of F^ is a square we may replace X/j by 
c~^/'^Xr so as to reduce to the case c = 1. Then, if i vanishes identically 
we obtain a form of type (13. Sp . while if £ does not vanish identically we can 
make a change of variables so as to replace ^(Xi, . . . , X^) by X,,, giving us a 
form of type (13. 6p . This completes the proof of Lemma [3.41 

We can say a little more about the structure of our forms when g2 has 
the shape i^iMj- 
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Lemma 3.5 Let V be a pencil with r{V) = r < R = R{V), and suppose 
either that r is even or that r < R — 2. Then r > 2. Moreover z/rank(gi) = r 
we can make a change of variable so that 

gi = g3(Xi, . . . , Xr^2) + Xfi-i^(Xi, . . . , Xn-i) 

and 

12 = Qii^l, ■ ■ ■ , ^R-2) + ^R-l^R 

withTanklq^) = r{q3,q4) =r — 2 and R{q^,q^ = R — 3 or R — 2. In particular 
if r = 2 the forms q^ and q^ vanish identically. 

We begin the proof by observing that, according to Lemmas 13.31 and I3.4[ 
we can put ^2 into the shape (13 ■4p . We may then rewrite the forms as 

and 

?2 = ^2(^15 • • • iXr-l^Xr+l, ■ ■ ■ ,-^_R-l) + Xr[Xii + ^2(-^l, • • • ,-^fi-l))- 

We then replace Xr by Xr + £2(-^i, • • • , Xr^i) and re- number the variables 
so as to interchange Xr and Xr_i. This puts gi and ^2 into the shape given 
in the lemma. For any x we then have 

xqi + q2= xq3 + q^ + Xr_i {x£{Xi, ..., Xr_i) + Xr) . 

Replacing Xr by Xr + xi{Xi, . . . , Xr^i) we see from fl2.3p that 

rank(xgi + ^2) = rank(xg3 + ^4) + 2 

for all X, whence we must have r{qi, 52) > 2 and r{qs, q^) = r — 2, as required. 
Moreover it is evident that r = rank(gi) < rank(g3) + 2, so that rank(g3) = 
r — 2. Clearly we have R{q3, q^) < R — 2, and if it were possible to write ^3 
and g4 using only R — A variables then the expressions for gi and ^2 given in 
the lemma would allow us to write gi and g2 with only R—1 variables. Since 
this is impossible we conclude that -R(g3, q^) > R — 3. 

One final lemma belongs in this section. 

Lemma 3.6 Let qi and q2 be quadratic forms in 4 variables, defined over 
a field F^ as above. Then if r{qi,q2) < 4 the forms will have a singular 
common zero over F^; that is to say there is a non-zero vector x E F^ with 
qi{x) = q2{x) = and Vgi(x) and Vq2{x) proportional. 
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It should be observed that when xi^v) = 2 this result may fail for forms in 
n 7^ 4 variables. For example, when n = 2 the forms gi = Xf and q2 = X| 
have r = 1 < n, but have no singular common zero over F^ (indeed they 
have no non-trivial common zero). Equally, when n = 6 the forms 

gi(X)=XiX2 + X3X4 + X2 

and 

g2(X) = X1X2 + CX1X3 + X2X4 + X| 

have no singular common zero over F^ provided that c G -F„ is chosen so that 
the polynomial T^ + T + c is irreducible. 

We can choose x = (0,0,0, 1) when g2 is of the shape (13. 4p . According 
to Lemmas 13.31 and 13.41 it therefore remains to consider the case in which 
x{F^) = 2 and r = 3, and g2 takes one of the forms (13. 5p or (13.61) . 

We begin by examining the first case, in which 

gi(Xi,...,X4) = g;(Xi,X2,X3) and g2(Xi, . . . ,X4) = g^(Xi,X2,X3) + X2. 
We begin by changing variables so that 

g^(Xi, X2, X3) = g3(Xi, X2) + cX|. 
We can now write c = (P and replace X4 by X4 + dX^, to get 

q2{X,,...,X^) = q,{X^,X2)+Xl 

Then (0, 0, 1, 0) will be a singular common zero if q'i{0, 0, 1) = 0. Otherwise 
we may take 

gi(Xi, . . . , X4) = q,{X,, X2) + £(Xi, X2)X3 + eX|, 

say, with e 7^ 0. We now choose a;i,X2 G F^, not both zero, such that 
i{xi,X2) = 0. There then exist 0:3, 0:4 G F^ with ex| = q4,{xi,X2) and xl = 
q3{xi,X2), so that gi(x) = g2(x) = 0. However we have arranged that the 
third and fourth entries of Vqi{x) vanish for i = 1 and 2. Moreover Vg(X) 
is automatically orthogonal to X, for any quadratic form q over a field of 
characteristic 2. Hence 

,,%M + ,,%M = o, and .,%W^^^a|M=o. 

OXi 0X2 OXi 0x2 
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This is enough to ensure that Vgi(x) and Vg2(x) are proportional. 
In the case of f l3.6p we write 

gi(X) = g3(Xi,X2) +X3£i(Xi,X2,X3) 

and 



'2 



g2(X) = g4(Xi, X2) + X3 (£2(Xi, X2, X3) + X4) + Xl 

whence det(g2 + xqi) = x^det(g4 + tq^). However det(g2 + xqi) vanishes 
identically since r{qi,q2) < 4, and we therefore see that det(g4 + xq^) also 
vanishes identically, yielding r(g3,g4) < 1. Since x(-F„) = 2, we know that 
every element of F^ is a square, and it follows that we can write 

gi(X) =£3(Xi,X2)' + X3£i(Xi,X2,X3) 

and 

g2(X) = h{X,,X2y + Xs{i2{X,,X,,X,)+X,)+Xl 

= (£4(Xi,X2)+X4)2 + X3(£2(Xi,X2,X3)+X4). 

We may then complete the proof of the lemma by choosing a non-zero vector 
X E F^ such that X3 = £3 = £4 + 0:4 = . 

4 ^-Adically Minimized Pairs of Forms 

Since our analysis is based on reduction to Fy we begin by multiplying the 
forms Qi, Q2 in Theorem [2] by a suitable scalar so as to give them coefficients 
in 0„. For such integral forms we will write gi = Qi and g2 = Q2 for the 
reductions to F^. We retain this notation through to the end of Section ITTl 
With these conventions we can now explain the fundamental idea behind 
our proof. We begin by choosing a suitable model for the pencil < Qi,Q2 > 
over Ok- For example, one may divide Qi by a suitable power of vr so as to 
reach a form for which gi does not vanish identically. This choice of model 
will depend on a f-adic minimization technique from the work of Birch, 
Lewis and Murphy [2j . We then consider a large number of cases, depending 
principally on the values of r = r(gi, ^2) and R = R{qi, 52)- If our model is 
suitably chosen it turns out that small values of r and R cannot occur. In 
the remaining cases we prove that some form in the pencil < Qi,Q2 > splits 
off three hyperbolic planes. Often we will be able to do this by showing that 
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some form aqi + hq2 over F^ splits off three hyperbolic planes, so that we can 
apply Lemma 12.21 However other cases will require more work. 

There is one particularly easy case. If r{qi,q2) > 7, and assuming that 
#-^1) > 8, there will be a form aqi + hq2 with a,b E Fy whose rank is at least 
7. Then we can conclude from Lemma 12.21 and that Q splits off 3 hyperbolic 
planes, as required for Theorem |5J 

We record this observation as follows. 

Lemma 4.1 If Qi and Q2 are defined over O^ and have r{qi,q2) > 7, then 
there is a form in the pencil < Qi,Q2 > which splits off three hyperbolic 
planes. 

We now describe the f-adic minimization process given by Birch, Lewis 
and Murphy [2]. We start with two quadratic forms Qi(Xi, . . . ,X„) and 
Q2{Xi, . . . ,Xn) defined over ky, the completion of a number field k with 
respect to a non-archimedean valuation v. We will assume that the variety 
Qi = Q2 = is nonsingular, in the sense specified in Section [H We will 
retain this hypothesis throughout the paper, without further comment. 

Since the variety Qi = Q2 = is nonsingular. Lemma 13.11 tells us that 
F{x, y) does not vanish identically, and has no repeated factors. We now set 

A(gi, Q2) = Disc(F(x, y- Qi, Q2)) (4.1) 

which will be a non-zero element of k^. Indeed if the forms Qi and Q2 are 
defined over Oy then A((5i, Q2) will also be in Oy. 

For any matrices U G G\j2{ky) and T G GLn{ky) we define actions on 
pairs of quadratic forms Qi, Q2 by setting 

(Qi, Q2f = (f/iiQi + U12Q2. U21Q1 + U22Q2) 

and 

(Qi(X),g2(X))T = (Qi(TX),Q2(TX)). 

Notice that Qi = Q2 = defines a smooth variety with a non-trivial point 
over ky if and only if the same is true for the forms (Qi, Q2)t- Similarly the 
pencil defined over ky by Qi, Q2 contains a form which splits off 3 hyperbolic 
planes if and only if the same is true for the quadratics {Qi, Q2)t- Thus we 
may transform our pair Qi,Q2 in this way in the hope of producing forms 
of a convenient shape. We shall say that a pair of integral forms Qi,Q2 is 

16 



"mininiized" if there are no transforms U and T such that (Qi, Q2)t is also 
integral and 



\A{{Qi,Q2)^)U>\A{Q,,Q2)U. 

It is clear that there is always a pair of transforms U and T such that 
{Qi,Q2)t is minimized. Indeed it may happen that there are many quite 
different pairs U, T which may be used. Since one can compute in general 
that 

A((Qi,Q2)^) = (det(f/))"("-^)(det(T))^("-i)A(gi,g2), 

the condition for a pair of integral forms Qi, Q2 to be minimized is that there 
are no matrices U,T for which {Qi,Q2)t ^-re integral and such that 

|det(f/)|:|det(T)|^>l. 

We observe for future reference that if 

|det(f/)|:|det(T)|^ = l (4.2) 

and Qi, Q2 is a minimized pair of integral forms, then [Qi, Q2)t '^iii ^i^o be 
minimized, provided of course that the resulting forms are integral. 

From now on we will restrict to the case n = 8, for which the above 
condition says that there are no suitable T, U with 

|det(f/)|2|det(T)|„>l. (4.3) 

Continuing with the notation above we have the following simple criteria for 
a pair of forms not to be minimized. 

Lemma 4.2 Suppose that the projective variety qi = q2 = contains a linear 
space of projective dimension at least 4 defined over F^. Then the pair Qi, Q2 
is not minimized. In particular, if R{qi,q2) < 3 then the pair Qi,Q2 is not 
minimized. 

A convenient condition equivalent to the existence of a linear space of 
projective dimension at least 4 is that the forms gi and q2 can be written as 

gi(X) = £i(X)Ai(X)+£2(X)A2(X)+£3(X)A3(X) 
g2(X) = £i(X)/ii(X)+4(X)/i2(X)+4(X)/i3(X) 
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for suitable linear forms ii, \i, fii defined over F„. 

To prove the lemma we assume for simplicity that £i , £2 and £3 are lin- 
early independent. In the alternative case we will have a similar argument 
involving fewer linear forms. We apply a transform Ti G GLs{Oy) so as to 
replace £j(X) by Xj for 1 < i < 3. If tt is a uniformizing element for k^ we 
can then write 

gi(TiX) = XiLi(X) + X^L^iX) + XsLsiX) + nQ^iX) 

for suitable linear forms Li and a quadratic form Q3, all defined over O^. 
There is also an analogous expression for Q2. We now define 

T2 = diag(7r, n, n, 1, 1, 1, 1, 1) 

and T = T2T1, so that |det(T)|^ = |7r|^. We then see that both Qi(TX) 
and Q2{TX) are divisible by tt. Hence if we take U = diag(7r^^, vr^^) then 
{Qi,Q2)t is a pair of integral forms. However since | det([/)|^ = |vr|~^ the 
condition (14. 3 p is satisfied. Thus the pair Qi,Q2 is not minimized. 

When R{qi,q2) < 3 we can write gi and g2 in terms of just 3 variables 
Xi, X2, X3 so that the 4-plane Xi = X2 = X3 = is contained in the variety 
Qi = (I2 = 0. Lemma [4.21 then follows. 

There is a further instance in which one can see that a pair of forms is 
not minimized, given by the following lemma. 

Lemma 4.3 Suppose that R{qi, 92) = -R < 7 and that the forms Qi, Q2 take 
the shape 

R 

Qi{Xi, . . . , Xg) = Gi{Xi, . . . , Xr) + n 2_^ -^j^j i^R+i^ • • • ; ^s) 

i=i 
+ 7rHi{Xn+,,...,Xs) (4.5) 

for i = 1,2, with appropriate quadratic forms Gi,Hi and linear forms Lj , 
all defined over O^ . Then if Hi and H2 have a common zero over F^ the pair 
Q11Q2 is not minimized. 

To prove this we make a change of variables among Xr+i, . . . , Xg so as 
to suppose that 

Wiio, . . . ,0,1) = ir2io, . . . ,0,1) = 0. 

One then sets T = diag(7r, . . . , tt, 1) and U = diag(7r~^, n^^). These satisfy 
(14. 3 p and produce a pair of integral forms (Qi, Q2)t- Thus Qi and Q2 cannot 
be minimized. 



5 The Case r < 4 

Lemma [4.21 shows that a minimized pair of forms cannot have R{qi, ^2) < 3. 
Our proof of Theorem |2] proceeds via a case-by-case analysis of the remain- 
ing possibihties for R{qi,q2) and r{qi,q2). In this section we examine the 
possibihty that r(gi, ^2) < 4. We begin by proving the following result. 

Lemma 5.1 Suppose that Qi, Q2 is a minimized pair of quadratic forms in 
8 variables, with a common non-trivial zero over ky. Then R{qi,q2) 7^ 4. 

For the proof we argue by contradiction. If R{qi, ^2) = 4 there is a change 
of variables in GL8(C^) so that gi and g2 are functions of Xi, ... 5X4 only. 
Thus we may write Qi and Q2 in the shape (14. 5 p with R = 4. In view of 
Lemma S3] we know that Hi and if 2 cannot have a common zero over Fy. We 
now claim similarly that the reductions Gi and G2 cannot have a common 
zero over Fy. If they did, then after a change of variables in GLsi^Oy) we 
could assume that 

Gr(l,0,0,0) = G^(l,0,0,0) = 0. 

Taking T = diag(l, tt, tt, tt, 1, 1, 1, 1) it would then follow that both the forms 
Qi{TX) and Q2{TX) are divisible by vr. Hence if f/ = diag(7r^\ tt^^) we 
would find that {Qi, Q2)t i^ ^ P^i^ ^^ integral forms. However the condition 
( 14. 3 p is satisfied, since det(T) = |7r|^ and det(f/) = |7r|,^^. Since Qi and Q2 
are minimized this contradiction proves our claim. 

We therefore conclude that if the pair Qi,Q2 is minimized then neither 
Gi = G2 = nor Hi = H2 = can have a non-trivial solution over Fy. 
However it is then easy to see that Qi = Q2 = cannot have a non-trivial 
zero over ky, giving us the desired contradiction. This completes our proof 
of Lemma 15. 1[ 

We are now ready to show that the case r(gi, ^2) < 4 cannot occur. 

Lemma 5.2 Suppose that jj^Fy > 8 and that Qi,Q2 is a minimized pair of 
quadratic forms in 8 variables, with a common non-trivial zero over ky. Then 
r{qi,q2) > 5. 

We argue by contradiction. We know from Lemmas 14.21 and 15.11 that 
R = R{qi, ^2) > 5. Thus if r = r(gi, ^2) < 4 we see that either r < R with r 
even, or r < R — 2. We may therefore deduce from Lemma [3.51 that 

qi = qsiXi, ..., Xn-2) + Xn^ii{Xi, ..., Xr_i) 
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and 

12 = Qii^i, ■ ■ ■ , ^R-2) + Xr-i^r 

with r(g3, q^) = r — 2 < 2 and R{q3, qi) < R — 2. If Ri^q^, q^) < 2 we may 
make a change of variable so that 

gi = g^(Xi, X2) + X^_i£(Xi, . . . , Xk-i) 

and 

These are in the form (14.41) and hence the pair Qi, Q2 cannot be minimized, 
by Lemma 1121 This contradiction shows that R{q3,qi) > 3. 

We may now repeat the previous argument, but apphed to the forms gs 
and g4. Since r' = r^q^, ^4) < 2 and R' = R{q3, ^4) > 3 we must either have 
r' < R' with r' even, 01 r' < R' — 2. In either case we deduce from Lemma 
123] firstly that ^4 can be put into the shape fl3.4p . then that r' = 2 and finally 
that ^3 = Xri_iI\Xi, . . . ,Xj:j/_i) and ^4 = Xjii_iX'^. It follows that gi and 
g2 can be put into the form fl4.4p (indeed with two terms on the right, rather 
than three). As before. Lemma W?2\ implies that Qi, Q2 cannot be minimized, 
giving the required contradiction. This proves the lemma. 

6 The Case R = b 

So far we have shown that certain small values of R{qi,q2) or r{qi,q2) are 
impossible. For large values we will show that the pencil < Qi,Q2 > contains 
a form which splits off three hyperbolic planes. We have already remarked 
in Lemma [4. II that this is the case when r(gi, ^2) > 7. In this section we deal 
with the case R = 5. 

Lemma 6.1 Suppose that i^Fi, > 9. Then if R{qi,q2) = 5 there is at least 
one form in the pencil < Qi,Q2 > which splits off three hyperbolic planes. 

We begin by writing our forms in the shape (14. 5 P with R = 5. We know 
from Lemma [5.21 that if i? = 5 we will also have r = 5, so that if Qi = Gi for 
i = 1,2, then r{gi, g2) = 5. 

We claim that if hi = Hi for i = 1,2, then R{hi,h2) = r{hi,h2) = 3. 
To prove this, suppose firstly that R{hi,h2) < 2. Then hi,h2 would have 
a common zero over F^ and Lemma 14.31 would contradict the minimality of 
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the pair Qi, Q^- On the other hand, if R{hi, h2) = 3 and r = r{hi, h2) < 2 
then either r is even or r < R{hi, h2) — 2. We may therefore apply Lemma 
13.51 Here the forms corresponding to qs and q^ must vanish identically since 
r < 2. It follows that hi and /i2 have a common zero at (0,0, 1), after the 
change of variables given in Lemma 13.51 As above this leads, via Lemma 14. 3[ 
to a contradiction. Thus we must have R{hi, h2) = r{hi, h2) = 3, as claimed. 
Since r{gi, (72) = R{gi,g2) = 5, the form gi + tg2 cannot be singular for all 
values of t. However its determinant (or half-determinant) is a polynomial 
of degree at most 5, and we therefore see that gi + tg2 is singular for at most 
5 values of t. Similarly we find that hi + t/i2 is singular for at most 3 values 
of t. Since #Fj, > 8 there is a linear combination for which gi + tg2 has rank 
5 and hi + t/i2 has rank 3. Let r be any lift of t to O^, and let Q = Qi + TQ2 
so that 

5 
Q(Xi, . . . , Xg) = G{Xi, ...,X,)+7rJ2 X^U{X,, X7, Xg) + vrif (Xg, X7, Xg) 

with rank(5f) = 5 and iaj\k{h) = 3. We may then write 

^(Xi, . . . , X5) = X1X2 + X3X4 + cX2 and h{X,, X7, Xg) = X6X7 + c'X| 

after a suitable change of variables. 

Thus Q is in the appropriate shape to apply Lemma 12.21 with s = 2 and 

Q(X5, . . . , Xg) = cX2 + nX,L{Xe, Xj, Xg) + Trif (Xg, Xj, Xg) 

for a suitable linear form L(X6,X7,Xg). We see from Lemma 12.21 that Q 
splits off two hyperbolic planes and so it remains to show that Qq splits off 
at least one hyperbolic plane. Let ^(Xs, . . . , Xg) = 7r^^Qo(7rX5, Xq, X7, Xg). 
Then J has coefficients in O^ and satisfies J = H (mod vr). Now, since 
/i(X6,X7,Xg) = XgXy + c'Xq we are able to make a second application of 
Lemma 12.21 to show that J splits off a hyperbolic plane. Lemma 16.11 then 
follows. 



7 The Case R = 8 

In this section we prove the following result. 
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Lemma 7.1 Suppose that ^F^ > 9. Let Qi,Q2 be a minimized pair ofform,s 
in 8 variables, with a common zero over k^. Then if R{qi,q2) = 8 there is 
at least one form in the pencil < Qi,Q2 > which splits off three hyperbolic 
planes. 

The result is an immediate consequence of Lemma HIT] unless r{qi, ^2) < 6 
as we henceforth suppose. It will be convenient to set r = r{qi,q2). Then 
Lemma 13.51 will apply, giving us representations 

q, = q3{Xu...,Xe)+Xji{X,,...,X,) 

and 

q2 = q4iXi,...,XQ) + XjXs 

with rank(g3) = r^q^, q^) = r — 2 < 4 and 5 < R{q3, q^) < 6. Hence we may 
apply Lemma [23] a second time, leading to expressions 

q, = q,{X,, . . . , X4) + Xgf (Xi, . . . , X4) + Xri{X,, ...,X,) 

and 

q2 = g6(Xi, . . . , X4) + X5X6 + XrXs 

with rank(g5) = r(g5,ge) < 2. If R{q5,qe) > 3 we would be able to repeat 
the process a third time, showing that r(g5, gg) = 2 and producing 

gi = Xsf{Xu X2) + X,e'{Xi, . . . , X4) + XjliXu . . . , Xe) 

and 

'?2 = X3X4 + XsXg + X7X8. 

However the forms qi,q2 would then be in the shape (14.41) . so that, accord- 
ing to Lemma 14.2^ the pair Qi,Q2 could not have been minimized. This 
contradiction shows that R{q^,q^) < 2, allowing us to write 

gi = q,{X,, X2) + Xsf (Xi, . . . , X4) + X^eiX,, ...,X,) 

and 

q2 = q(iiXi,X2)+X,Xe + X-rXs, 

after a suitable change of variables. It is now apparent that, in order to have 
R{Qi: Q2) = 8, the linear forms 

Xi, X2, X5, Xg, X7, Xg, f(Xi,...,X4) and £(Xi,...,X6) 

22 



must be linearly independent. We may therefore write 

q2 = qe{X,,X2)+X,X, + XrXs, ^'''^ 

after a further change of variables. 

To complete the argument we now call on the following result, which will 
be used repeatedly in the rest of the proof of Theorem [2l 

Lemma 7.2 Let Qi{Xi, . . . , Xg) and Q2{Xi, . . . , Xg) be forms over Oy, not 
necessarily minimized. Suppose that 

Qi(Xi, X2, X3, X4, X5, 0, 0, 0) = X1X2 + X3X4 {mod tt) 

and that 

7rtQ2(0, 0,0, 0,1, 0,0,0). 

Then there is at least one form in the pencil < Qi,Q2 > which splits off three 
hyperbolic planes. 

We shall prove the lemma in a moment, but first we demonstrate how 
it may be used to complete our proof of Lemma 17. 1[ It is not possible for 
both the forms q^ and q^ in (17.11) to vanish identically, since R{qi,q2) = 8. 
Moreover, if both 55 and ge were merely multiples of X\X2 at least one of q\ 
or q2 would be a sum of three hyperbolic planes, in which case an application 
of Lemma [2.21 completes the proof. We may therefore assume that gg? say, 
contains a non-zero term in X\. We now replace Q\ by Qx^cQ2 for a suitable 
c e Ct, and substitute X3 and X4 for X3 + cX^ and X4 + cX^ respectively. 
This enables us to assume that g5(l, 0) = 0. Then, re-labelling the variables, 
we may write 

gi = XiX2 + X3X4 + g5(X5,X6) 

q2 = X,Xr + X3Xs + qe{X,,Xe), 

with ^5(1,0) = and qQ{l,0) 7^ 0. Thus Lemma fL2\ applies to Qi,Q2, and 
completes the proof of Lemma 17.11 

It therefore remains to establish Lemma 17.21 It will be convenient to 

write 

5i(Xi,X2,X3,X4,X5)=Q.(Xi,X2,X3,X4,X5, 0,0,0), (z=l,2). 
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We claim that there exists A G O^ and T G GL^^O^) such that 

T(0, 0,0, 0,1) = (0,0, 0,0,1) 

and 

(5i - XS2)iTX) = X1X2 + X3X4. (7.2) 

In particular 5*1 — A5'2 will be singular. Since O^ and GL5(Cj;) are compact 
it will suffice to show that for every positive integer / there are suitable A 
and T such that 

{Si - \S2){TX) = X1X2 + X3X4 (mod nf). (7.3) 

We will prove this by induction on /, the case / = 1 being handled by the 
hypotheses of the lemma. 

We therefore suppose that (17.21) holds for some particular / and show 
how to derive a corresponding statement with exponent / + 1. It will be 
convenient to write 

S{X) = (Si-A^2)(TX) 

= X1X2 + X3X4 + n^S'iXi, . . . , X4) 

+ 7r^L(Xi,...,X4)X5 + 7r^cX| 

and 

f/(X) = S2{TX) = f/o(Xi, X2, X3, X4) + M(Xi, . . . , X,)X, + dXl 

Since T(0,0,0,0,1) = (0,0,0,0,1) we have ?7(0, 0, 0, 0, 1) = ^2(0,0,0,0,1), 
whence ti \ d. 

We now examine 5* — Ti^cd~^U , which will have coefficients in O^. By 
construction this form will have no term in X|. Let 

(5-7r-^crf-lt/)(Xi,X2,X3,X4,0) = \/(Xi,X2,X3,X4) 

= X1X2 + X3X4 + 7r^5'(Xi, . . . , X4) - 7r^crf-if/(Xi, X2, X3, X4, 0), 

say, so that V {Xi, X2, X^, X4) = X1X2 + X3X4 (mod vr). We therefore see 
that Lemma [2.21 applies, producing a transform in Tq G GL^IO^) such that 
V{ToX) = X1X2 + X3X4. Thus there is an admissible T G GL^^Oy) with 

(5 - nfcd-'U){TX) = X1X2 + X3X4 + 7r^L'(Xi, . . . , X4)X5, 
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where we have set 

L'(Xi, . . . , X4) = L(To(Xi, . . . , X4)) - cd-'M{To{X,, ...,X,)). 

We now make a further change of variable, of the shape 

X,^Xi + nf^,X, (1<^<4) 

to put S — n^cd^^U into the form 

{S - Tif cd-^U){TVj = X1X2 + X3X4 + tt'^^cXI 

Since 2/ > / this estabhshes fl7.3p with exponent / + 1, and with a new value 
A + 7i^cd~^ in place of A. We have therefore completed the induction step, 
thereby establishing the claim that we can choose A so that (17. 2p holds. 



Returning to the statement of Lemma 17.21 we now see that there is a 
change of variable putting Qi — XQ2 into the shape 

X1X2 + X3X4 + XqLi{Xi, . . . , Xg) + XjL2{Xi, . . . , Xg) + X8L3(Xi, . . . , Xg). 

If rank((5i — XQ2) = 8 then X5 must appear in at least one of the forms Lj. 
In this case after a further change of variable we can represent Qi — XQ2 as 

X1X2 + X3X4 + XsXg + X7L2(Xi, . . . , Xg) + XgL3(Xi, . . . , Xg). 

Another change of variable, of the form 

Xi^Xi + fiiXr + z/iXg, (1 < « < 6) 

then produces 

Ql — XQ2 = X1X2 + X3X4 + X5X6 + X7L2(X7, Xg) + XgL3(X7, Xg), 

giving us a form which splits off three hyperbolic planes. 

It remains to consider the possibility that Qi — XQ2 is singular. Here we 
use an argument shown to the author by CoUiot-Thelene. We recall from 
Lemma [3TT] that the form F{x,y) = det(a;M(Qi) + yM{Q2)) cannot vanish, 
and will have distinct factors. However 

F(l,-A) = det(gi-Ag2)=0, 
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whence 

F{x,y) = {\x + y)G{x,y) 

for some form G{x,y) G ky[x,y] with G{l,—\) 7^ 0. Suppose that we have 
v{G{l, —A)) = e, so that tt~'^G{1, —A) is a unit in O^. Then if r is a large 
enough integer we will have v{G{l, tt^ — A)) = e. Moreover 

F(l,7r'^-A) =7r"G(l,7r"-A), 

whence v{F{1,tt'^ — A)) will be odd for any sufficiently large integer r of 
opposite parity to e. In particular F{l,7i^ — A) is not a square in k^ for 
such a choice of r, so that Qi + (vr'' — \)Q2 is nonsingular and contains 
three hyperbolic planes, by virtue of Lemma 12.31 This completes the proof 
of Lemma 17. 2[ 

We end this section by giving a useful corollary to Lemma 17.21 

Lemma 7.3 Let Qi{Xi, . . . , Xg) and Q2{Xi, . . . , Xg) be forms over Oy, not 
necessarily minimized. Suppose that 

Qi(Xi, X2, X3, X4, X5, 0, 0, 0) = X1X2 + X3X4 {mod vr) 

and 

Q2(Xi,X2,X3,X4,X5,0,0,0) = Q'2(Xi,X2,X3,X4)(mod7r) 

for some quaternary form Q2. Suppose further that 

TT^ I Qi(0, 0,0, 0,1, 0,0,0) 

and 

TT^tQalO, 0,0, 0,1, 0,0,0) 

Then there is at least one form in the pencil < Qi,Q2 > which splits off three 
hyperbolic planes. 

If TT f (52(0, 0, 0, 0, 1, 0, 0, 0) this follows at once from Lemma 17.21 Otherwise 
we define {Qi,Q2)t = (^1)^2) with T = diag(7r, vr, vr, vr, 1, vr^, vr^, tt^) and 
U = diag(7r~^, vr~^). Then Vi, V2 are integral forms. Moreover we have 

V,{X) = X1X2 + X3X4 + L(Xi, X2, X3, X4)X5 + cXi (mod vr) 
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for some linear form L and some c & O,^, while 

V2{V) = dXl (mod tt) 



for some unit d & O^. A suitable substitution Xj — )■ Xj + CiX^ for 1 < i < 4 
then transforms Vi so that 

ViiX) = X1X2 + X3X4 + dXl (mod vr) 

say, while leaving V2(X) = (iX| (mod vr). We may then apply Lemma [7.21 to 
the forms Vi — c'd~^V2 and V2, and Lemma [7.31 follows. 



8 The Case rank(g2) < 2 — First Steps 

In the next two sections we examine the case in which g2 has small rank. 
This turns out to be an important prelude to our treatment of pairs for 
which -R(gi, ^2) = 6. Our goal is the following result. 

Lemma 8.1 Suppose that H^F^ > 9. Let Qi, Q2 be a minimized pair ofform,s 
with a common zero over k^. Then z/rank(g2) < 2 there is at least one form 
in the pencil < Qi,Q2 > which splits off three hyperbolic planes. 

However in the present section we will content ourselves with the following 
intermediate statement. 

Lemma 8.2 Suppose that i^Fy > 9. Let Qi, Q2 be a minimized pair of forms 
over ky such that rank(g2) < 2. Suppose indeed that q2{X) = q2{Xi, X2) . 
Then either there is at least one form in the pencil < Qi,Q2 > which splits 
off three hyperbolic planes, or q2 is an anisotropic form of rank 2, and there 
is a linear change of variable in GLqIO^), involving only X3, . . . ,Xs which 
makes 

gi(X) = X1X5 + X2X, + n(X3, X4). (8.1) 

We begin by observing that we must have rank(g2) = 2. Indeed we will 
be able to write g2(X) = n{Xi,X2) for some anisotropic form n, after a 
suitable change of variables. To see this we notice that in all other cases we 
can write ^2 as a product of linear factors over F^. Thus, after a change of 
variable we can take g2(X) = Xii(X). The transforms T = diag(7r, !,...,!) 
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and U = (tt^^, 1) then make {Qi,Q2)t integral, but would satisfy (I4.3p . 
contradicting the minimality of the pair Qi, Q2- 

In view of Lemma [4.11 we can assume that r = r{qi,q2) < 6. Similarly, 
in view of Lemmas 14. 2[ 15.11 and [6?T] we may suppose that R = R{qi, ^2) > 6. 
We proceed to use these conditions to narrow down the possible shapes that 
gi may take. With g2(X) = n{Xi,X2), we write 

gi(X) = 53(^1,^2) +Xi4(X3, . . .,Xs)+X2i2{Xs, . . .,Xs)+q,{X,, ...,Xs) 

for appropriate quadratic forms g^ and linear forms £«. Let rank(g4) = m, 
say, and change variables so as to write 

gi(X) = q;{X,,X2)+X,i[{Xs,...,X^+2)+X2i',{X,,...,X^+2) 

+ Xiii{Xm+3, • • • 5 Xs) + X2i2{Xm+3, ■ ■ ■ , -^s) 

+ q,{X^,...,X^+2) (8.2) 

with rank(g5) = m. Our analysis now splits into 3 cases in which the linear 
forms i'l, £'2 both vanish, or are linearly dependent but do not both vanish, 
or are linearly independent. 

8.1 Case 1. 

If i'l and £'2 both vanish identically then R{qi,q2) < m + 2. Since we are 
assuming that R> 6 this shows that m > 4. On the other hand, if xi^v) 7^ 2, 
or m is even, the determinant of gi + tq2 (considered as a quadratic form in 
m + 2 variables) is a polynomial in t of degree at most m + 2, in which the 
term in t^ has coefficient det(ra) det(g5) 7^ 0. It follows that r{qi, ^2) > m + 2. 
Similarly if xi^v) = 2 and m is odd, the half-determinant of gi + tq2 is a 
polynomial in which the coefficient of t^ is det(n)det/2(g5) 7^ 0, and again we 
conclude that r(gi,g2) > m + 2. We are supposing that r < 6, so we must 
have m < 4. 

We are therefore left with the case in which m = 4, in which situation a 
change of variables will allow us to put gs into one of the shapes X^X^+X^Xq 
or X3X4 + n{X^, Xq). We can now use further linear transformations, of the 
type 

Xi^Xi + Xi{X^,X2) (3<z<6) 

to put gi into one of the shapes 

gi(X) = g6(Xi, X2) + X3X4 + X,X, (8.3) 
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or 

gi(X) = g6(Xi,X2) +X3X4 + n(X5,X6). (8.4) 



We now call on the following lemma, which we shall prove shortly. 

Lemma 8.3 Let si{X,Y) and S2{X,Y) be quadratic forms over a finite field 
F. Suppose that Si and S2 have no common factor and that r{si,S2) = 2. 
Then there are at least \{ij^F — 1)^ pairs a,b & F, not both zero, for which 
asi + bs2 is a hyperbolic plane, and at least \{iJ^F — 1)^ such pairs for which 
it is anisotropic of rank 2. 

It is clear that r{qQ,n) = 2, because rank(n) = 2. Moreover, since n 
cannot have a linear factor, the forms Qq and n are coprime unless Qq is a 
multiple of n. Suppose firstly that ge is not a multiple of n. In Lemma 18.31 
we must have |(#-Fi, — 1)^ > #-F^ — 1 if #F^, > 9, and we therefore conclude 
that there are linear combinations agg + bn with a 7^ which are hyperbolic 
planes, and also which are anisotropic of rank 2. We may then deduce that 
there is a linear combination q'l = qi + cq2 taking one of the forms 

X1X2 + X3X4 + X5X6, or n{X,,X2)+X3X, + n{X,,X,), 

in the two cases given by fl8.3p and fl8.4p . As explained in Section |21 if 
g^(X) = n{Xi, X2) + X3X4 + n{X^, Xq) then a change of variable will make 
q[ a sum of 3 hyperbolic planes, and so in either case Lemma \^72\ follows from 
Lemma 12.21 

In the alternative situation in which gg is a multiple of n, there is a linear 
combination q'l = qi + cq2 taking one of the forms 

X3X4 + X5X6, or n{XuX2) + XsX, + n{X,,Xe), 

in the two cases given by (18. 3p and (18.41) respectively. As above, in the second 
of these cases q[ is a sum of 3 hyperbolic planes, and again we may complete 
the proof of Lemma 18. 2[ We may therefore reduce our considerations to the 
case in which 

gi(X)=X3X4 + X5X6, and g2(X) = n(Xi,X2). 

However in this situation we may apply Lemma 17.21 after re-ordering the 
variables, since vr \ n{l, 0). This completes the treatment of Case 1. 

29 



We now present our proof of Lemma 18.31 It will be convenient to write 
#F = A^ temporarily. Let S be the set of quadruples (a, b, x,y) G F for 
which (a, b) ^ (0, 0) and (x, y) ^ (0, 0) and such that asi{x,y)+bs2{x, y) = 0. 
Since si and S2 have no factor in common there is no [x, y) ^ (0, 0) such that 
s\{x^ y) = S2{x, y) = 0. Thus there are A^ — 1 pairs (a, b) for each admissible 
pair {x,y). It follows that 

#5 = (iV-l)(iV2-l). 

On the other hand, if (a, b) is a pair such that asi{X, Y) + bs2{X, Y) is a 
hyperbolic plane then there are 2(A^ — 1) corresponding pairs {x,y), while if 
asi{X, Y)+bs2{X, Y) is anisotropic of rank 2 there are none. Moreover, in the 
remaining case, in which asi{X, Y) + bs2{X, Y) has a repeated linear factor, 
there are A^ — 1 pairs x, y. Suppose that the hyperbolic plane, anisotropic, 
and repeated factor cases occur N^, Na and A^^ times each respectively. Then 

Nf, + Na + Nr = N^-l (8.5) 

and 

2(A^ - l)Nh + iN- l)Nr. = #5 = (A^ - 1){N^ - 1). (8.6) 

However the determinant of asi{X, Y) + bs2{X, Y) is a binary quadratic form 
in a and b which does not vanish identically, since r{si,S2) = 2. It follows 
that Nr<2{N-l). We therefore deduce from ([83]) and (ES]) that 

2Nh = N^-l-Nr>N^ -I- 2{N - 1) 

and that 

2A^„ = 2{N^ - 1 - Nh - Nr) = N^ - 1 - Nr > N^ - 1 - 2{N - 1). 

These inequalities suffice for the lemma. 

8.2 Case 2. 

The next case is that in which £'( and £'2 are not both zero but are linearly 
dependent. After a change of variable between Xi and X2 we may suppose 
that £2 = 0) &^d then, after a further change of variable among X^+s, ■ ■ ■ , Xg, 
we may assume that i'{ = X^+a- It follows that R{qi, ^2) < "^ + 3. Since we 
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are assuming that R > 6 this shows that m > 3. The representation (18. 2p 
then becomes 

gi(X) = g4(Xi,X2)+Xi£3(X3,...,X„+2)+X2£4(X3,...,X™+2) 

+ XiXm+3 + q^i^s, ■ ■ ■ , Xm+2)- (8-7) 

(Our numbering of forms qi and ii will be independent of that used for 
Case 1.) Thus if the coefficients of X| in gi and g2 are a and 6 7^ respectively, 
we may write gi + tq2 as 

qi + tq2 = 96(^2, ■ ■ ■ , ^m+2) + Xi{Xm+3 + KXi, . . . , Xm+2] t)) (8.8) 

for some linear form i{Xi, . . . , Xm+2', t) depending on t, where 

% = (a + tb)X^ + X^hiXs, ..., X„+2) + ^5(^3, • • • , X^+2)- 

Then rank(g6) > ^snak^q^) = m and so r(gi, ^2) > rank(g6) + 2 > m + 2, by 
(I2.3p . It follows that m < 4. In fact, if tti = 4 then the half-determinant of 
gg is a polynomial in t whose linear term has a coefficient 6det(g5) 7^ 0. Thus 
there is some value of t for which q^ has rank 5. This however would imply 
that gi + tg2, given by (18. 8p . has rank 7, contradicting our assumption that 
"^{qii ^2) < 6. We must therefore have m < 3, and indeed we can deduce that 
m = 3, since 6 < -R(gi, ^2) < '"^ + 3. 

After a change of variable amongst X3, X4, X5 we can now take 

q^{X^i -^4, -^5) = X^Xi + X5 , 
whence (18. 7p becomes 

gi(X) = g4(Xi, X2) + Xi4(X3, X4, X5) + X24(X3, X4, X5) 
+ XiXg + X3X4 + X5 . 

Further transforms of the type X3 — )■ X3 + AX2, X4 — )■ X4 + /iX2 and 
Xe -)■ Xe + £7(Xi, . . . , X5) simplify this to 

gi(X) = cXl + dX2X^ + XiXe + X3X4 + X^ 

for certain c,d E F^. Now, with the same notation h for the coefficient of X| 
in g2 = ^(Xi,X2) we consider q = qi — cb~^q2, which takes the shape 

q = Xi(X6 + 4(Xi, X2)) + rfX2X5 + X3X4 + Xl 

31 



After replacing Xq + is{Xi,X2) by Xq we finally see that we can replace our 
original forms Qi,Q2 by a pair Q,Q2 for which, after a change of variables 
in GLs{Ov), we have 

g = XiXe + rfXaXs + X3X4 + X^ and q2=n{Xi,X2). 

We may now re-label the variables so that q = X1X2 + X3X4 + dX^X^ + X| 
and g2 = ^{XijX^). Thus we can apply Lemma f7?2\ to complete the proof. 

8.3 Case 3. 

If i'( and £2 are linearly independent we may take them to be X^+a and Xm+4, 
respectively, after an appropriate change of variable. The representation (18. 2p 
then becomes 

gi(X) = g3(Xi,X2)+Xi£;(X3,...,X„+2)+X2f2(X3,...,X„+2) 
+ XiXm+3 + X2Xm+4 + Q^IX^, . . . , Xm+2), 

which simplifies to 

9l(X) = XiXm,+3 + ^2X^+4 + ?5(X3, . . . , Xm,+2) 

after a substitution of the form 

Xm+3 ~^ Xm+3 + ^3(^1) • • • ) Xm+2), Xm+4 ~^ Xm+4 + ^4(Xi, . . . , Xm+2)- 

It is clear that R{qi,q2) < m + A. Since we are assuming that R > 6 this 
shows that m > 2. Thus q^ will split off a hyperbolic plane unless m = 2 
and gs is anisotropic. Thus either gi is a sum of three hyperbohc planes, or 
we have 

gi(X) = X1X5 + X2X6 + n(X3, X4). 

Thus one or other of the conclusions in Lemma 18.21 will hold. 

9 Completion of the Proof for rank(g2) < 2 

We proceed with the proof of Lemma 18.11 Clearly we may assume that gi 
takes the form (18. ip and that g2(X) = ra(Xi,X2). We begin by setting 

5,(X7,X8) = 7r-ig,(0,0,0,0,0,0,X7,X8), (z = l,2). (9.1) 
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These forms are defined over O^ since gi and q2 contain no terms in Xj,Xs. 
Suppose firstly that 5*2 does not vanish modulo vr. In this case we can make 
a change of variables in X7 and Xg so as to suppose that vr f 5*2 (1, 0). Then, 
with A = 5*1(1, 0)5*2(1, 0)~^, we replace Qi hj Q = Qi — XQ2, which will 
contain no term in X|. We have 

g(X) = X1X5 + X2X, + n(X3, X4) - An(Xi, X^), 

so that a change of variable, of the type 

X,^X, + i{X,,X2), X,^X, + i'{X,,X2) 

puts qQCj into the shape X1X5 + X2X6 + n(X3,X4) while having no ef- 
fect on g2(X) = r2(Xi,X2). These manoeuvres allow us in effect to as- 
sume that Qi contains no term in X|. If we now relabel the variables so 
that Xi,X5,X2,X6,X7 become Xi,X2,X3,X4,X5 respectively we see that 
Lemma [73] applies, showing that the pencil contains a form splitting off three 
hyperbolic planes. 

We can therefore assume that 5*2 vanishes modulo n. Next, unless 5*i is 
anisotropic of rank 2 it will have a zero over Fy , so that Lemma 14.31 may be 
applied. Since this would contradict the minimahty of the pair Qi,Q2 we 
may therefore assume that 

S,{Xr,Xs) = N{Xj,Xs), S2{Xj,Xs) = (mod vr). 

We now consider the pair of forms {Q[, Q'2) = (Qi, Q2)t^ where 

T = diag(7r, TT, 1, . . . , 1) and f/ = diag(l, tt^^). 

Then Q\ and Q^ have coefficients in O^, and T and U satisfy 04. 2p . Since 
the pair Qi,Q2 is minimized we then deduce that Q'i,Q2 is also minimized. 
However q[ = n(X3,X4) so that Lemma [8l2] applies. We therefore conclude 
that the pencil generated by Q'l and Q2 contains a form which splits off 3 
hyperbolic planes, except possibly when q!^ takes the shape 

X3^1+X4£2 + n(£3,^4) (9.2) 

for linearly independent linear forms £j(Xi,X2,X5,X6,X7,X8). However ^2 
contains no terms in Xi or X2, by construction. Since n is anisotropic we see 
that £3 and £4 must be independent of Xi and X2, and then we deduce that 
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ii and £2 must also be independent of Xi and X2. Similarly we observe that 
52 contains no quadratic terms in Xj and Xg, by construction, whence £3 
and £4 cannot involve Xj or Xg. Thus ii and £2 are functions of X5, . . . , Xg, 
while £3 and £4 are functions of X5 and Xg alone. Moreover £3 and £4 are 
linearly independent. 

We are finally in a position to complete the treatment of Lemma \KT\ The 
considerations above have shown that if gg is given by (19. 2p we may assume 
that our forms take the shape 

gi(x) = XiX5 + X2X6 + x(X3,X4) 

+ vr{g;(Xi, . . . ,X6) + XjM,{X,, ...,X,) 

+ XgMalXi, . . . ,X6) + X(X7,Xg)} (mod n^) 



and 



Q2(X) = X(Xi,X2) + 7r{X3Li(X5,...,Xg) + X4L2(X5,...,Xg 
+ ^iL^i^Xi, . . . , Xg) + X2L6(Xi, . . . , Xg) 
+ X(L3(X5,X6),L4(X5,X6))} (mod 



vr^) 



where Li, . . . , L4 are lifts of £1, . . . , £4. According to our hypotheses there is 
a non-trivial point x & k^ for which Qi = Q2 = 0. By a suitable rescaling 
we may suppose that x has entries in Oy, at least one of which is a unit. 
Since vr | (52(x) we deduce that vr | N{xi,X2), whence vr | Xi,X2. Then, since 
TT I Qi(x) we deduce that vr | N{x3,X4), leading to n \ ^3,^4. We next use 
the fact that vr^ | Q2(x), which shows that n \ X(L3(X5,X6), L4(X5,X6)). 
This implies vr | L3{x5,xq),L4^{x5,xq), and since the forms L3 and L4 are 
independent modulo vr we find that vr | X5,a;6. Finally, since tt^ | (5i(x) we 
obtain vr | X(x7,a;g), leading to vr | 0:7, Xg. We therefore have vr | x, contrary 
to our assumption. Hence it is impossible for gg to take the shape (19. 2p . We 
therefore conclude that in every case the pencil contains a form which splits 
off 3 hyperbolic planes. This concludes the proof of Lemma 18.11 

10 The Case R = 6 

We next suppose that R{qi,q2) = 6, and prove the following result. 

Lemma 10.1 Suppose that ^Fy > 16. Let Qi,Q2 be a minimized pair of 
form,s with a common zero over ky. Then if R{qi,q2) = 6 there is at least 
one form in the pencil < Qi,Q2 > which splits off three hyperbolic planes. 

34 



In view of Lemma [5.21 we may assume that r{qi,q2) > 5. Since we have 
R{.1ii(l2) = 6 we may write gi(X) = q[{Xi, . . . , Xq) for i = 1,2. We now 
consider the forms Si given by fl9.ip . These will have coefficients in 0^,, so 
that we may define Si as the reduction 5*, over F^. The forms si and S2 
cannot have a common zero over F^ by Lemma [4.31 

We first consider the possibility that si and S2 are proportional. Then by 
considering appropriate linear combinations of Qi and Q2 we may suppose 
indeed that si = 0. We now examine the forms (Vi, V2) = {Qi,Q2)t where 
T = diag(7r, . . . , vr, 1, 1) and U = diag(7r~^, vr"^). The forms Vi,V2 will be 
integral, while T and U satisfy (14. 2p . Thus Vi and V2 are minimized. More- 
over, if V2 is the reduction of V2 to F^ then rank(f2) < 2. It then follows 
from Lemma [8.11 that the pencil < V^i, V2 > contains a form which splits off 
three hyperbolic planes, and the required conclusion then follows, subject to 
our assumption that si and S2 are proportional. 

If r(si,S2) = 1, then every non-trivial linear combination has rank at 
most one, and hence has a zero. Otherwise, since we are now supposing 
that Si and S2 are not proportional and have no common zero. Lemma 18.31 
shows that there are at least |(#-F1, — 1)^ non-trivial linear combinations 
asi + hs2 with a non-trivial zero. In contrast, at most 6{i^Fy — 1) non-trivial 
linear combinations aqi + bq2 can have rank smaller than r{qi,q2), as one 
sees by considering the corresponding determinant, or half determinant, as 
a binary form in a and b. It follows that if #F^ > 13 then there is at least 
one form aqi + bq2 with rank at least 5, such that asi + bs2 has a non- 
trivial zero. By a change of variable between X7 and Xg we may arrange 
that asi + bs2 vanishes at (1,0). Let us suppose, say, that a 7^ 0. Then 
^2(1,0) cannot vanish, since (1,0) cannot be a common zero of si and S2- 
Thus, on replacing Qi by aQi -I-6Q2 we may suppose that rank(gi) > 5, that 
Si(l, 0) = and that 52(1, 0) 7^ 0. Since rank(gi) > 5 we know that gi splits 
off at least two hyperbolic planes, whence we may make a change of variable 
so as to put gi into the form X1X2 -|- X3X4 + qsi^X^, Xq). On interchanging 
the variables X5 and Xj we now see that our forms are in the correct shape 
for an application of Lemma I7.3[ which provides a suitable form splitting off 
3 hyperbolic planes. 
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11 Completion of the Proof of Theorem [2 
The Case R = l 

We turn now to the final case, in which -R(gi, ^2) = 7. 

Lemma 11.1 Suppose that #F„ > 32. Let Qi,Q2 be a minimized pair of 
form,s with a common zero over ky. Then if R{qi,q2) = 7 there is at least 
one form in the pencil < Qi,Q2 > which splits off three hyperbolic planes. 

Our argument will depend on the following result, which we prove at the 
end of this section. 

Lemma 11.2 Let qi = YoYi + Si{Yi, Y2, ¥3) and ga = Y0Y2 + 52(^1, Y2, Y3) be 
quadratic forms over a finite field F^ with #F„ > 32. Suppose that gi(0, 0, 1) 
and ^2(0, 0, 1) are not both zero. Then either the forms have a singular com- 
mon zero over Fy, or there are at least 5(#F^ — 1) non-zero pairs (a, b) G F^ 
for which aqi + bq2 is a sum of two hyperbolic planes. 

We now present our proof of Lemma 111.11 In view of Lemmas 14.11 and 15.21 
we may restrict attention to the cases r = 5 and r = 6. Hence Lemma 13.51 
shows that we may take 

gi(X) = g3(Xi, . . . , X5) + X,i{X,, . . . , Xe) 

and 

q2iX) = q,iX,,...,X,)+XeXj 

with rank(g3) = r(g3, ^4) = r — 2 = 3 or 4, and R{q3, q4,) = 4 or 5. 

We begin by considering the easy case in which R{q3, q^) = 5. Here 
we may make a second application of Lemma 13.51 and a further change of 
variables so as to write 

q,{X) = q,{X,, X2, X3) + X,i'{X,, . . . , X4) + X,i{X,, ...,X,) 

and 

g2(X) = qeiX,,X2, X3) + X4X5 + X^X-j 

with rank(g5) = r(g5, gg) = ^ — 4 = 1 or 2. If -R(g5, q^) = 3 Lemma [331 would 
show that gs and ge have a common linear factor. This however would allow 
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gi and g2 to be written in the form fl4.4p , contradicting the minimahty of the 
pair Qi, Q2- Thus -R(g5, ge) < 2, so that we can write 

gi(X) = g5(Xi, X2) + X4f (Xi, . . . , X4) + X6£(Xi, . . . , Xg) 

and 

g2(X) = g6(Xi, X2) + X4X5 + X,Xj. 

If we now set T = diag(7r, tt, 1, vr, 1, tt, 1, 1) and f/ = diag(7r~-'^, vr^^) we see 
that U and T satisfy (14.21) . and that the forms (Qi, Q2)t — (^i' ^)' say, are 
integral Thus Vi and V2 are also minimized. However one readily checks 
that if vi and V2 are the reductions of Vi and V2 to F^ then i?(vi,V2) < 6, 
since vi and f2 contain no terms in Xi and X2. Thus our previous results 
show that the pencil < Vi, V2 > contains a form splitting off three hyperbolic 
planes, and this suffices for the lemma. 

We may therefore restrict our attention to the case in which R{qzi Qa) = 4 
and r(g3, ^4) = 3 or 4. Thus we may assume that 

gi(X) = qs{Xi, . . . , X4) + X,i{Xi, ...,X,) 

and 

q2{X) = q,{X,,...,X,)+XeX-,. 

Since R{qi,q2) = 7 the variable X5 must genuinely occur in i{Xi, . . . ,Xq) 
and so we can make a change of variable to obtain 

gi(X) = g3(Xi,...,X4)+X6X5 

and 

g2(X)=g4(Xi,...,X4)+X6X7. 

We proceed to write 

gi(x) = Q3(Xi,...,X4) + X5X6 

8 

+ n{Q,{X,, ...,Xs) + ^X,L«(Xi, . . . ,X4)} 

i=5 

and similarly 

Q2(X) = g4(Xi,...,X4)+X6Xr 

8 

+ 7r{g6(X5, ...,Xs) + Y, X.Lf (Xi, . . . , X4)}, 
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for suitable integral quadratic forms Q3, . . . ,Qe and linear forms L^ such 
that the reductions Q3 and Q4 are q^ and 54 respectively. We note that vr 
cannot divide both Q^^O, 0, 0, 1) and Qq{0, 0, 0, 1), by Lemma H751 
We now examine {Gi,G2) = {Qi,Q2)t^ where 

T = diag(7r, TT, TT, vr, 1, TT, 1, 1) and U = diag{n^^ , n^^) . (H-l) 

Then 



Gi(X) = vrQal^i, • • • ,^4) + H.iX^, ...,Xs) + vr J] X,Mf '^ (X) 



i=5 

and 



Gs® = 7rg4(Xi, . . . ,X4) + i72(X5, . . . ,X8) + TT^X.Mf )(X) 

for appropriate linear forms Mj , with 

ifi(X5, . . . , Xg) = X5X6 + Q^i^X^, 0, X7, Xg) 

and 

H2{X^, . . . , Xg) = XeXy + Qq{X^, 0, X7, Xg). 

Thus Gi and G2 will be integral forms, but since | det(?7)|^| det(T)|^ < 1 the 
pair Gi,G2 will not be minimized. If we denote the reductions of Hi and 
H2 by hi and /12 respectively we see that they are in the right shape for an 
application of Lemma lll.2[ after a re-labelling of the variables. In view of 
the alternative conclusions of the lemma there are now two cases to consider. 

11.1 Case 1. 

If /i2 and /i2 have a singular common zero over F„, there will be a change of 
variable putting them into the shape 

h,{X) = QX5£(X6,X7,Xg) + w,(X6,Xr,Xg) (z = 1,2). 

A further substitution allows us to write 

/i,(X) = c^XsXe + w[{X,, X7, Xg) = X6A,(X5, . . . , Xg) + ti;:(0, X7, Xg) 
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for i = 1,2 and appropriate linear forms Ai,A2. Hence if we apply the 
transforms 

T = diag(l, 1, 1, 1, 1, 1, vr, vr, vr) and U = diag(n^^ , n^^) (11-2) 

the forms (Gi, G2)t = (^i^ ^) ^^Yj 'wiU be integral. However if we label the 
transforms flll.ip as Ti and Ui, and the transforms flll.2p as T2 and U2, we 
see that T1T2 and U1U2 satisfy fl4.2p . so that Vi, V2 must be minimized. On 
the other hand one sees that R{Vi, V2) < 6. Thus Lemmas 14.21 15.11 16.11 and 
110.11 show that the pencil < Vi, V2 > contains a form which splits off three 
hyperbolic planes, which suffices for the present lemma. 

11.2 Case 2. 

Suppose next that there are at least 5(#Fj, — 1) non-zero pairs (a, b) G F^ 
for which ahi + 6/12 is a sum of two hyperbolic planes. Since r(g3, q^) = 3 or 
4 there are at most 4:[^Fv — 1) non-zero pairs (a, b) G F^ for which aq^ + bq^ 
has rank less than 3. Thus there is at least one pair such that ahi + 6/12 is a 
sum of two hyperbolic planes and aq^ + bq^ splits off a hyperbolic plane. Now 
take a', b' G O^ to be arbitrary lifts of a and 6, and consider G = a'Gi + b'G2- 
This will take the shape 

8 

G(X) = 7tG,{Xu . . . ,X4) + G4(X5, ...,Xs) + 7r5^X,M,(X), 

i=5 

where G3 splits off a hyperbolic plane, and G4 is a sum of two hyperbolic 
planes. 

According to Lemma 12.21 we may make a change of variable so that G 
becomes 

X^Xq + XrXs + 7rG5(Xi, . . . , X4) 

with G5 = G3. A second application of Lemma [2^ then shows that G^ splits 
off a hyperbolic plane, so that the pencil < Gi,G2 > contains the form G 
which splits off three hyperbolic planes. This establishes Lemma [11.11 in Case 
2. 

We end this section by establishing Lemma [Il.2[ We suppose for the proof 
that r{qi,q2) = 4 since otherwise Lemma 13.61 provides a singular common 
zero. Without loss of generality we will assume that gi(0, 0, 1) 7^ 0. We may 
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then replace g2 by g2 + dQi with a suitable value of a, and substitute Y2 + aYi 
for Y2 so as to produce a form in which q2{0, 0, 1) = 0. We can then write 

q2{Yo, ...,Y,)= Y2{Yo + A(Fi,F2,F3)) + Y,i{Yi,Y,). 

We proceed to substitute Yq + A(Y'i, Y2, Y^,) for Yq so that 

q2{Yo,...,Y,) = YoY2 + Y,i{Y^,Y,). 

This transformation puts gi into the shape 

q,{Yo,...,Ys) = YoY^ + q,{Y^,Y2,Y,) 

for some new quadratic form q^ with 53(0,0, 1) = gi(0,0, 1) 7^ 0. Now, for 
any a G -F we have 

gi + aq2 = Fo(n + aY2) + ^3(^1, Fs, Y,) + aY^i{Y,, Y,) 

and on substituting Yi + 0^2 for Yi this becomes 

Foil + qs{Y, - aF2, ^2, F3) + a(>^i - aF2)^(Fi - aY2, Y,) 

= {Yo + /.(n, Y2, Y,))Y, + qsi~aY2, F2, F3) - aV2£(-aF2, F3). 

If det(gi + 0^2) 7^ this is a sum of two hyperbolic planes provided that 
the binary form q^{—aY2,Y2,Y3) — a'^Y2i{—aY2,Y^) has a linear factor over 
F. Since r (51,^2) = 4 we need to exclude at most 4 values of a for which 
det(gi + 0^2) vanishes. 

We claim that, unless the forms qi and q2 have a singular common zero 
over Fy, there are at least 9 values of a such that the polynomial 

fa{U) = qs{-a,l,U) - aH{-a,U) 

has a root u (z F^. There will then be at least 5 values with the additional 
property that det(gi + 0^2) 7^ 0, and then hqi + ahq2 will be a sum of two 
hyperbolic planes for any non-zero h E F^. Thus the claim suffices for the 
proof of Lemma 111.21 

The coefficient of U"^ in faiU) is ^3(0, 0, 1) 7^ so that faiU) is quadratic 
in U for every value of a. Since there are at most two roots u for any value 
of a it will therefore suffice to show that the curve 

X:f{U,V) = fv(U) = Q 
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has at least 18 affine points over F^. 

We first consider the case in which £ does not vanish identically, so that X 
is a curve of degree 3. If X is absolutely irreducible the number of projective 
points over Fy is at least #F^, + 1 — 2a/#F„ > 21, by the Hasse-Weil bound. 
At most three of these can be at infinity, so that there are at least 18 affine 
points, as required. If X contains a line defined over F^ there are at least 
a^Fy + 1 > 33 projective points and we have the same conclusion. There 
remains the possibility that X splits into three cubic conjugate lines. However 
this case cannot arise since F{U, V) contains no term in U^ and a non-zero 
term 53(0, 0, 1)U'^. This completes the proof in the case in which d does not 
vanish identically. 

In the alternative case in which £ vanishes identically, ^2 reduces to lo^2 
and /([/, V) becomes g3(— V, 1, U). If rank(g3) = 3, the curve X has ^F^, + 1 
projective points over F^, of which at most two lie at infinity. We may then 
complete the argument as before. Finally, if rank(g3) < 2 we can write 

gi = yo>^i + g4 (^1(^1,^2, lis), ^2(1^1, >^2, 1^3)) and q2 = Y^Y2 

for suitable linear forms ^1,^*2 over F^. If we choose a non-zero point y over 
F„, such that 

?/o = ^1(2/1, 2/2, 2/3) = ^2(2/1, 2/2, 2/3) = 

we then see that y is a singular common zero for gi and g2- This completes 
the proof of the lemma in this second case. 

12 Global Forms Splitting Off 3 Hyperbolic 
Planes 

Our task now is to deduce Theorem [1] from Theorem [2l In doing this we will 
be inspired by the plan outlined by Colliot-Thelene, Sansuc and Swinnerton- 
Dyer [TJ Remark 10.5.3]. However our argument looks somewhat different 
from that which they proposed. 

We begin by producing a global statement related to Theorem |2j 

Proposition 1 Let k he a number field for which every prime ideal has ab- 
solute norm at least 32, and let Qi(Xi, . . . , Xg) and Q2{,Xi, . . . , Xg) be two 
quadratic forms such that the projective variety Qi{X) = Q2{2() = is non- 
singular and has a point over every completion ky of k. Then there exist 
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a,b ^ k such that aQi + bQ2 has rank 8 and splits off at least 3 hyperbolic 
planes. 

Our first move will be to establish a variant of Theorem [2] for archimedean 
valuations. 

Lemma 12.1 Let (5i(Xi, . . . jXg) and Q2{Xi, . . . .,X^) be quadratic forms 
over M, such that the projective variety Qi{X) = Q2{X) = is nonsingular. 
Then there is a non-trivial linear combination aQi + bQ2 which splits off at 
least 3 hyperbolic planes. 

We prove this by adapting an argument of Swinnerton-Dyer p^ §4]. Let 

Fe{z) = det {{sme)Qi + (cose)g2 - zl). 

This is a polynomial with real roots. For any open interval / C M let ni{9) 
denote the number of roots of Fg{z), counted according to multiplicity, lying 
in /. If / = (a, 6) is a finite interval, and Fg{z) is non-zero at 2; = a and 
z = b, we will have 



1 f F'iz) , 
2m Jtp Fe{z) 



where F is the path from a — i to b — i to b + i to a + i and back to a — i. This 
formula makes it clear that there is a neighbourhood of 6 on which n(^a,b) {4>) 
is constant, whenever Fg{a) and -Fe(fe) are non-zero. 

We now write n+(^),n_(^),no(6') for the number of roots of FqIz) which 
are positive, negative, or zero, respectively. It follows from the above that n_|_ 
and ra_ are locally non-decreasing. Moreover, since the variety Qi = Q2 = 
is nonsingular Lemma [3.11 shows that no{6) = or 1. We also observe that 
n+ (9) = n_{6 + vr) and n_ {6) = n+{9 + 71), so that either n^ {6) or n^ {6 + vr) 
must be at least 4. Suppose that n+{6) > 4 and let 

00 = supine [9,9 + n]: n+(0 > 3}. 

If n^{9o) > 5 one must have 9^ = 9 + 11, since ra+ is locally non- decreasing to 
the right of 9q. This however is impossible since 

n+{9 + n) = n^{9) < 8 - n+{9) < 4. 

On the other hand, if ra+(6'o) < 4 we have r2_(^o) ^ 3. Thus there is an 
interval (^0 ~ ^) ^0] on which n_ > 3. However it follows from the definition 
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of ^0 as a supremum that there is a point G {Oq — S, Oq] such that ^+(0) > 3, 
whence min (n+(0),n_(0)) > 3. Thus (sin0)(5i + (cos0)(52 has at least 3 
positive eigenvalues, and at least 3 negative ones, so that it will split off at 
least 3 hyperbolic planes over M. This completes the proof of Lemma I12.1[ 

Moving now to our treatment of Proposition [H we begin by replacing Qi 
and Q2 by suitable scalar multiples, so that they are defined over Ok- We 
then define a set B consisting of all infinite places, all places above 2, and all 
places corresponding to prime ideals dividing A{Qi,Q2), as given by (13.1 1) 
and (I4JD . 

We now claim that for a place v not belonging to B, every nontrivial linear 
combination Q = aQi + bQ2 has lank^Q) > 7, where Q is the reduction to F„, 
as usual. Then Q must split off three hyperbolic planes over k^, by Lemma 



To prove this latter claim we suppose for a contradiction that rank(Q) < 6 
for Q = aQi+bQ2 with a, say, a unit in O^. After a suitable change of variable 
in GLs{0^) we can arrange that Q is a function of Xi, . . . ,Xq only. Then 
det{xQ + yQ2) will be divisible by y^. Thus if F{x,y) is given by ( 13. ip and 
if TT is a uniformizing element for k^ then F{x, y) will have a repeated factor 
modulo vr, contradicting our assumption that vr f A{Qi, Q2). This suffices for 
the proof of our claim. 

We can now prove Proposition [H Since every prime ideal of Ok has 
absolute norm at least 32 we have ^F„ > 32 for every finite place v oi k. 
Then, according to Theorem [2] and Lemma 112. ![ for every v E B there is 
a non-trivial pair a^,b^ of elements of k^ such that a^Qi + b^Q2 splits off 
3 hyperbolic planes in k^. If f is a finite place and Q = a^Qi + byQ2 then 
there is a change of variables in GLs{kv) transforming Q into X1X2 + X3X4 + 
X^Xq + Q'{Xt,Xs) with Q' defined over C„. According to Lemma [2^ any 
other quadratic form congruent to this modulo vr also splits off 3 hyperbolic 
planes over ky. We therefore deduce that there is a positive real e^ such that 
aQi + 6Q2 splits off 3 hyperbolic planes in fc„ whenever |a — a^,! < £^, and 
\b — by\ < Ey. We may obtain the analogous conclusion for infinite places 
by using the local non-decreasing property for the functions n+{9),n-{9) 
introduced above. 

By weak approximation, there are suitable elements a,b E k satisfying 
the additional condition that det{aQi + bQ2) 7^ 0. Then to complete the 
proof we merely note that a quadratic form splits off three hyperbolic planes 
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over k if and only if it does so over every completion k^. 

13 The Hasse Principle in the Absence of 
Small Prime Ideals 

Our next goal is the following major result, which establishes the Hasse 
principle for fields which have no prime ideals with norm less than 32. 

Proposition 2 Let k be a number field for which every prime ideal has ab- 
solute norm at least 32, and let Qi(Xi, . . . , Xg) and Q2{Xi, . . . , Xg) be two 
quadratic forms such that the projective variety 

V:Qi{X)=Q2{X)=0 

is nonsingular and has a non-trivial point over every completion k^ of k. 
Then there is a non-trivial point over k. 

We take Q to be the form aQi + bQ2 given by Proposition [1] Assuming 
that a 7^ 0, as we may by symmetry, the forms Q and Q2 then generate the 
pencil < Qi, Q2 >k- The proof of Proposition |2] now depends on the following 
lemma. 

Lemma 13.1 There is a change of variable in GLs(k) such that 

Q{X} = Q,{X,, . . . , Xe) + XrL,{X) + XgL2{X) 

and 

Q2{X) = g4(Xi, . . . , Xe) + XvL3(X) + X8L4(X) 

with rank((53) = 4 and rank((54 + aQs) > 5 for every a E k. Moreover Q3 
and Q4 have a nonsingular common zero over every completion ky of k. 

We will prove this in the next section, but first we show how it suffices for 
Proposition O 

We make a change of variable so that Q3 depends only on Xi, . . . ,X4. 
Then if Q^{X^, Xq) = (54(0, . . . , 0, X5, Xg) has rank less than 2, or is a hyper- 
bolic plane, it will have a non-trivial zero 0:5, Xq over k, whence V will have a 
non-trivial point at (0, . . . , 0, X5, Xq, 0, 0). We may therefore assume that Q5 
is anisotropic over k. We then have Q^i^x^, Xq) = for a point (xs, Xq) defined 
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only over a quadratic extension of A;, so that the variety Q^ = Q4 has a pair 
of conjugate singular points. We now apply the following result, which is a 
consequence of Theorem 9.6 of Colliot-Thelene, Sansuc and Swinnerton-Dyer 

izj. 

Lemma 13.2 Let Q^^Xi, . . . , Xq) and Q^i^Xi, . . . ,Xq) be quadratic forms 
over a number field k, such that the projective variety y : Q3 = Q^ = is 
absolutely irreducible of codimension 2, and is not a cone. Suppose that y 
has a pair of conjugate singular points over k, and assume further that the 
pencil < Q3,Qa >k does not contain two independent forms of rank 4- Then 
if y has nonsingular points over every completion of k it will have a point 
over k. 

We proceed to investigate the possibility that 3^ might be a cone, or 
might fail to be absolutely irreducible of codimension 2. It is trivial that y 
has a point over A; if 3^ is a cone. Moreover if y is not absolutely irreducible 
of codimension 2 then, according to Lemma 13. 2[ either rminlQs; Qa) ^ 2 
or r{Qs,Q4^) < 4, in the notation of ^ In the first case we would have 
ciiQs + a2Qi = R{Xi,X2) say, and hence 

aiQ + a2Q2 = R{Xu X2) + XrL'iXi, . . . , Xg) + XsL"{Xi, . . . , Xg), 

say. This however has rank at most 6 in contradiction to Lemma 13.11 Thus 
we cannot have rmin((53,(54) < 2. On the other hand, if r{Q3,Q4) < 4 < 6 
then Lemma [3.31 provides a fc-point, given by taking xi = . . . = Xr = and 
Xi? = 1 in the notation of the lemma. 

Thus in any cases in which Lemma 113.21 is not applicable we will auto- 
matically have a point on y defined over k. Thus Proposition [2] follows from 
Lemma 113.21 



14 Proof of Lemma 113.1 



Lemma 113.11 requires us to control both local solvability and ranks, and we 
begin by investigating the local solvability condition. Our first result is the 
following. 
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Lemma 14.1 Let S'i(Xi, . . . ,X„) and 5'2(Xi, . . . ,X„) be quadratic forms 
over k such that r^ij^{Si, S2) > 5 and r{Si,S2) > 7. Then there is a fi- 
nite set B = B{Si, S2) of places of k such that for any v ^ B, and any linear 
form L{Xi, . . . , X„) defined over k, the variety 

Vl: Si = S2 = L = {] 

has a nonsingular point over k^. 

Without loss of generality we may assume that ^i, 5*2 and L are defined 
over Ok- Moreover, if L{Xi,...,Xn) = Yl^i-^i ^^ "^^^ multiply L by a 
suitable constant so that the ideal generated by £1, . . . , £„ has norm at most 
Cfc, the Minkowski constant. We shall require B to include all the infinite 
places, together with all finite places corresponding to prime ideals of norm 
at most Cfc. 

When V ^ B aX least one coefficient, in say, of L is a unit in O^. We may 
then replace the variety Vl by Si^l{,Xi, . . . , X„_i) = S'2,l(-^i, • • • , -^n-i) = 0, 
where 

Si,L{X\, ■ ■ ■ ,Xn-l) 

= S',(Xi,...,X„_i,-C(£iXi + ...,C_iX„_i)), (2 = 1,2). 

and ask whether the variety Si^l = 82,1 = has a nonsingular point in k^. 

It follows from the Lang-Weil theorem [9] that there is a constant C 
depending only on n, such that the variety 



Vl : S^,L = S2,l = 

has a nonsingular point over Fy provided firstly that it is absolutely irre- 
ducible of codimension 2, and secondly that t^F^ > C. By Hensel's Lemma 
these conditions then suffice for the existence of a nonsingular point on Vl 
over k^. We therefore require B to include all places corresponding to prime 
ideals of norm at most C, and all places such that there is some linear form 
L for which the variety Vl fails to be absolutely irreducible of codimension 
2 over F^ . In view of Lemma 13.21 it is sufficient to add places for which there 
is some linear from L having either 



rmUSi,L, S2,l) < 2 (14.1) 

or 



r(^i,L,^2,L)<4. (14.2) 
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Thus Vl will always have a nonsingular point over k^ when v ^ B, and it 
remains to prove that B is finite. We begin by considering those v for which 
(114. ip holds for some L. Thus there exist a,b & F^;, not both zero, and forms 
q,ii,i2 over F^, such that 



We then deduce that there is a third form £3 such that 

Thus the 5x5 minors of the matrix M{XSi + YS2), which are binary forms 
in X and Y, all vanish ai X = a,Y = b. However the 5x5 minors of 
M{XSi + YS2) cannot have a common zero, since r^i^{Si, S2) > 5. Thus 
there are two of them which have a non-zero resolvent Res e Oy say. This 
gives us an element depending only on Si and 82- However the minors can 
only have a common zero over F^ when Res = 0, and this can only happen 
for a finite set of places v. 

In the alternative case for which (114.21) holds, any linear combination 
aiSi + bS2 differs from the corresponding form aiS'ij, + bS2^L by a multiple 
of L, so that 
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rank(ai5i + 6S2) < rank(ai5i,L + b'S^ + 2 < 4 + 2 

for every pair 01,02 G Fy. Hence all 7 x 7 minors of M{XSi + YS2) must 
vanish identically. However the 7x7 minors of M{XSi + YS2) cannot all 
vanish identically, since r{Si, S2) > 7. Thus there is some non-zero coefficient 
/i of some minor, such that (114. 2p can hold only when JI = 0. This too can 
hold only for a finite set of places v. We have therefore shown that we can 
take B to be finite, thereby completing the proof of Lemma 114.11 

In our next result we handle the remaining places. 

Lemma 14.2 Let Si{Xi, . . . ,Xn) and S2{Xi, . . . , Xn) be quadratic forms 
over k such that the variety Si = S2 = has a nonsingular point over 
every completion ky. Suppose that r^i^^Si, S2) > 5 and r{Si,S2) > 7, and 
that Si splits off two hyperbolic planes. 

If P is a nonsingular projective point on Si = 0, defined over k, let 
Lp{Xi, . . . , Xn) = be the tangent hyperplane to Si = at P. Then there is 
a Zariski-dense set of such P for which the variety 

V(P) : SiiXi, . . . ,X„) = S2{Xi, . . . ,X„) = Lp{Xi, . . . ,X„) = 
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has a nonsingular point over every completion k^. 

Although the lemma requires 5*1 = 5*2 = Lp = to have nonsingular solu- 
tions for every place v it is clear that Lemma [14. II may be applied, producing 
a finite set B of places outside which a nonsingular solution is guaranteed 
for any linear form Lp. 

For each v G -B we have a nonsingular point x^ = (xi^,, . . . , Xnv) G k"^ on 
^i = 5*2 = 0. Since x^ is nonsingular we have M(S'i)x^ ^ 0. We now consider 
the codimension 2 quadric defined over k^ by 

Q:5i(X)=X*M(^i)x, = 0. 

Since 5*1 splits off two hyperbolic planes over k we may write it as 

'S'i(X) = X1X3 + X2X4 + S'3(X5, . . . , X„), 

after a change of variable. We then choose non-zero points 

y = (a, 6, 0, . . . , 0) and z = (0, 0, c, (i, 0, . . . , 0) 

over fc^, both lying on the hyperplane X*M(S'i)x^ = 0. Thus both y and z 
lie on the quadric Q. Moreover 

VSi(y) = (0,0,a,6,...,0) and V^i(z) = (c, rf, 0, . . . , 0). 

Since these cannot both be proportional to M(S'i)x^ we deduce that Q has 
at least one nonsingular point, w^ say, over k^. When an irreducible quadric 
has a nonsingular point over an infinite field such points are automatically 
Zariski-dense. Thus in our case the available points w^ cannot be restricted 
to a line. We may therefore suppose that our point Wj, is chosen so that 
M(S'i)w^ does not lie on the line through M(S'i)x^ and M(S'2)x^^. 
We therefore have 

5i(xJ = 52(xJ = 5i(wJ = 0, 

wtM(5i)x, = 0, 
V5i(wJ^0, 



and 



/ a.Si(xj 85i(xj \ 

dXi ■ ■ ■ dx„ 



rank 



V 



dS2(XJ 952 (X J 

dXi ■ ■ ■ dX„ 

dSijWj dSijWj 

dXi ■■ ■ dX„ 
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:i4.3) 



Thus Py = w^ is a nonsingular point on Si = 0, and x^, is a nonsingular point 
on the variety V(P„) defined in the lemma. 

For each place v there is a 3 x 3 determinant A{x^,Wy) formed from the 
matrix fll4.3p such that A(Xj,,w^) 7^ 0. If |A(x^,w^)|t, = 6y then there is 
a positive real Ey such that |A(x^,w)|^ = 6y whenever |w — w^| < Ey. We 
now use weak approximation on the quadric Qi = to choose a point P = w 
suitably close to w^ for each v E B. Since w^ is a nonsingular point on Qi = 
the resulting point P will also be nonsingular. We then claim that, if w is 
sufficiently close to w„, the variety V(P) will have a nonsingular point over 
ky. This will follow from Hensel's Lemma, using the starting value x = x„, 
for which |A(Xj,,w)|^, = (5^ > if w is close enough to w^. Moreover we 
have Qi(x^) = Q2(j^y) = 0, while Lp(x„) can be made sufficiently small for 
Hensel's Lemma to apply, merely by taking w suitably close to w^. Thus we 
do indeed obtain a point on V(P), and since the lifting argument for Hensel's 
Lemma preserves the value of |A(x, w)|^ we see that the resulting point is 
nonsingular. This establishes Lemma 114. 2[ since we can use any point w 
sufficiently close to w^, for each v E B. 

We are now ready to prove Lemma 113. Ij which will require us to use 
Lemma [14.21 twice. The hypotheses of Lemma [14. 21 are satisfied for the forms 
Si = Q and S2 = Q2, since rmin(Q, Q2) > 7. Let us write temporarily I for 
the variety Si = 0, and W for the variety Si = S2 = 0, both considered in P^. 
Each of these varieties is nonsingular. We now proceed to consider their dual 
varieties X* and W* . The reader should recall that the dual of a variety y is 
the closure of the set of hyperplanes which are tangent at a nonsingular point 
of 3^. For any variety 3^ C P*", the dual 3^* is a proper subvariety of P"**, and 
is irreducible. Moreover we have (3^*)* = 3^. In our case X* will be a quadric 
hypersurface. We claim that X* cannot be contained in W*. Indeed since X* 
is an irreducible hypersurface and W* is an irreducible proper subvariety of 
P^ the only situation in which one could have X* C VV* is when X* = W*. 
However this would imply that 

X = (X*)* = (>v*)* = w. 

The claim then follows since X ^ W. 

It now follows from Lemma [14. 21 that we may choose our point P so that 
the hyperplane Lp = is not tangent to W. Thus the variety V(P) will be 
nonsingular. Since P is defined over k the hyperplane Lp = is also defined 
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over k. We may therefore make a change of variables in GL8(A;) so that the 
hyperplane Lp = is Xg = 0. The forms Si and 5*2 then become 

Si{X) = T,(Xi, . . . ,X7) + X8L,(Xi, . . . ,X8), {t = 1,2) 

say, with rank(Ti) = 6 by Lemma [2TTJ The conclusions of Lemma 114.21 imply 
that the forms Ti and T2 have a nonsingular common solution over every 
completion ky. Moreover the variety Ti = T2 = will be nonsingular since 
V(P) is nonsingular. In particular Lemma [3.11 implies that rjnin(Ti,T2) = 6 
and r(Ti,T2) = 7. Moreover, as Si = Q splits off three hyperbolic planes we 
deduce that Ti splits off two hyperbolic planes. 

We therefore see that the forms Ti and T2 satisfy the hypotheses for a 
second application of Lemma 114.21 Since r(Ti,T2) = 7 there are at most 
7 linear combinations W = T2 + oTi with a G fc such that rank(iy) < 7. 
Let these be Wi, . . . , Wm, say. For each of these the variety A^ : PVj = is 
distinct from A* : Ti = so that, by the argument above, their duals, which 
are irreducible quadric hyper surf aces, are different. 

We may therefore choose P so that the hyperplane Lp = belongs to X* 
but to none of the sets X*. We now repeat the manoeuvres above. We make 
a change of variables in GLi{k) so that the hyperplane Lp = is X7 = 0. 
The forms Ti , T2 then become 

T,(Xi, . . . ,X7) = t/,(Xi, . . . ,X6) + X7M,(Xi, . . .,Xr), (z = 1, 2) 

say. Lemma 12.11 shows that rank([/i) = rank(Ti) — 2 = 4, while Lemma 
114.21 tells us that Ui and U2 have a nonsingular common solution over every 
completion ky. 

We claim now that rank(f/2 + aUi) > 5 for every a & k. Since our change 
of variables has transformed (T2 + aTi){Xi, . . . , X7) into 

([/2 + «f/i)(Xi, . . . ,X6) + X7L„(Xi, . . . ,X7) (14.4) 

for a suitable linear form La, we see that rank(f/2 + at/i) > rank(r2 + aTi) — 2 
for every a. This verifies the claim except when T2 + aTi is one of the forms 
Wi above. Suppose then that T2 + aTi = Wi. Since r^i^(Ti,T2) > 6 we 
know that rank(14^j) = 6. However, if rank(f/2 + aUi) < 4 then there are 
independent linear forms Ai(Xi, . . . , Xq), . . . , A6(Xi, . . . , Xg) say, such that 
one can write U2 + aUi as a form in Ai, . . . , A4 alone. Thus (114. 4p produces 

W, = U{Xi, . . . , A4) + X7L(Ai, . . . , As, X7), 
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say. Since rank(Wj) = 6 the linear form L{Xi, . . . , \q, X^) must properly 
contain at least one of A5 or Ag. One then sees from f ll4.4p that the variety 
Xi : Wi = has a nonsingular point with Ai = . . . = A4 = X7 = and L 7^ 0. 
The tangent hyperplane at this point would be X7 = 0, which is also the 
tangent hyperplane of A* : Ti = at P. This however is impossible, since P 
was chosen so that the hyperplane Lp = was in none of the dual varieties 
X*. This completes the proof of our claim. 

We now see that the effect of our two applications of Lemma 114.21 is to 
produce a change of variables putting Q and Q2 into the shape 

g(X) = f/i(Xi, . . . , Xe) + XrLi(X) + XgLa® 

and 

Q2(X) = f/2(Xi, . . . , Xe) + X7L3(X) + X8L4(X) 

for suitable linear forms Li(X), • • • , -^4(X), all defined over k. Moreover we 
have arranged that the variety Ui = U2 = has nonsingular points in every 
completion k^ of k, that rank(f/i) = 4 and that rank(?72 + aUi) > 5 for every 
a & k. This therefore suffices for Lemma 113. ![ and thereby also completes 
our demonstration of Proposition [2l 

15 Deduction of Theorem [1] 

In this final section we first show how to remove the condition that all prime 
ideals of Ok have norm at least 32, and then explain why the weak approxi- 
mation property holds automatically in our situation. 

We begin by choosing a prime g > 5 which does not divide [k : Q], 
and we proceed to construct a number field 'Q_{6) of degree q over Q, such 
that every prime ideal of Cq(6)) has norm at least 32. Clearly it suffice that 
every rational prime p < 31 is inert in Q(^)/Q. For each such prime we 
choose a monic polynomial /p(X) G Z[X] of degree q which is irreducible 
modulo p. We then use the Chinese Remainder Theorem to produce a monic 
polynomial /(X) G Z[X] of degree g, with /(X) = /p(X) (mod p) for every 
p < 31. Then / is irreducible over Q since it is irreducible modulo 2, for 
example. We claim that Q(^) will be a suitable field, where ^ is a root of 
/(X). Let p < 31 be prime. Then fp is irreducible modulo p, since it has 
no repeated factors over Fp. Thus p \ Disc(^), so that we may apply the 
Kummer-Dedekind theorem to deduce that p is inert in Q(6'). It follows 
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that N{P) > 32 for every prime ideal of Oq^g), as required. Indeed we have 
iVQ(5))/Q(/) > 32 for every non-trivial integral ideal /. 

We now consider the field k' = k{6). If P is a prime ideal of Ok' then 

Nk'/Q{P) = NQ^e)/Q{Nk'm9){P)) > 32. 

We also note that [k' : Q] = [k' : Q(^)][Q(^) : Q], and [k' : Q] = [k' : k][k : Q], 
so that both [Q{9) : Q] = q and [k : Q] divide [k' : Q]. It follows that q[k : Q] 
divides [k' : Q], since we chose q to be coprime to [k : Q]. On the other 
hand it is clear that [k{6) : k] < q, whence [k' : Q] < q[k : Q]. We therefore 
conclude that [k' : Q] = q[k : Q], so that [k' : k] = q. 

Since V has points over every completion of k it will also have points over 
every completion of k'. Thus Proposition [2] is applicable, and shows that V 
has a point x = (xi, . . . ,xs) say, over k'. It follows that the quadratic form 
(5i(X) + TQ2(X), which is defined over the function field k'{T), has a non- 
trivial point at X. However QiQCj +TQ2QC) is also defined over the subfield 
k{T), and [k'{T) : k{T)] = [k' : k] = q, which is odd. It therefore follows 
from a result of Springer |Tl] that Qi(X.) + TQ2(X.) has a zero over k(T). 
Finally, we apply the Amer-Brumer Theorem (TJ §3, Satz 7], [4j, which we 
state as follows. 

Lemma 15.1 Let Si{Xi, . . . , X„) and S2{Xi, . . . , X„) be quadratic forms de- 
fined over a field K of characteristic not equal to 2. Then if Si + TS2 has 
a non-trivial zero over the function field K{T), the forms Si and S2 have a 
simultaneous zero over K . 

We therefore conclude that our forms Qi and Q2 have a simultaneous zero 
over k. 

It remains to show that V has the weak approximation property. This 
however is a direct consequence of Theorem 3.11 of CoUiot-Thelene, Sansuc 
and Swinnerton-Dyer [6]. 
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